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Abstract: We propose a model of a strongly-interacting two-impurity Kondo system
based on the Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence, also
known as holography. In a Landau Fermi Liquid, the single-impurity Kondo eect is the
screening of an impurity spin at low temperature T . The two-impurity Kondo model then
describes the competition between the Kondo interaction and the Heisenberg interaction
between two impurity spins, also called the Ruderman-Kittel-Kasuya-Yosida (RKKY) in-
teraction. For spin-1=2 impurities, that competition leads to a quantum phase transition
from a Kondo-screened phase to a phase in which the two impurity spins screen one an-
other. Our holographic model is based on a (1 + 1)-dimensional CFT description of the
two-impurity Kondo model, reliable for two impurities with negligible separation in space.
We consider only impurity spins in a totally anti-symmetric representation of an SU(N)
spin symmetry. We employ a large-N limit, in which both Kondo and RKKY couplings
are double-trace, and both Kondo and inter-impurity screening appear as condensation of
single-trace operators at the impurities' location. We perform the holographic renormaliza-
tion of our model, which allows us to identify the Kondo and RKKY couplings as boundary
conditions on elds in AdS. We numerically compute the phase diagram of our model in the
plane of RKKY coupling versus T , nding evidence for a quantum phase transition from a
trivial phase, with neither Kondo nor inter-impurity screening, to a non-trivial phase, with
both Kondo and anti-ferromagnetic inter-impurity screening. More generally we show, just
using SU(N) representation theory, that ferromagnetic correlations must be absent at lead-
ing order in the large-N limit. Our holographic model may be useful for studying many
open problems involving strongly-interacting quantum impurities, including for example
the Kondo lattice, relevant for describing the heavy fermion compounds.
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1 Introduction and summary
The heavy fermion compounds are rare-earth or actinide based alloys, many of which
exhibit a quantum phase transition, that is, a phase transition when the temperature T
is zero, as a function of pressure, magnetic eld, or chemical doping [1{6]. Typically, on
one side of the quantum phase transition is an anti-ferromagnetic (AFM) metallic phase,
while on the other side is a Landau Fermi Liquid (LFL) phase with fermionic quasi-particle
excitations hundreds or thousands of times heavier than those of normal metals, hence the
name \heavy fermions." Both phases have a Fermi surface, although the Fermi surface
volume is larger in the LFL phase by an amount proportional to the concentration of the
rare-earth or actinide atoms.
Heavy fermion quantum phase transitions are typically continuous, occurring at a
quantum critical point. When heated up, the quantum critical degrees of freedom give
rise to a \strange metal," whose characteristic feature is an electrical resistivity  / T [1].
In contrast, the AFM and LFL phases have  / T 2. Although the strange metal has a
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Fermi surface, similar to the AFM and LFL phases, the strange metal degrees of freedom
are not merely weakly-interacting quasi-particle excitations of the Fermi surface. Indeed,
the strange metal degrees of freedom appear to be strongly-interacting [7]. As a result,
formulating a microscopic theory of strange metals remains a major challenge.
That challenge is especially urgent because strange metals often exhibit transitions
to superconductivity, which is necessarily unconventional, i.e. non-BCS. Moreover, among
heavy fermion superconductors, the strange metals have the highest transition tempera-
tures, reaching as high as  20K [1]. Remarkably, in the hole-doped cuprate superconduc-
tors, the highest transition temperatures also appear in strange metal states [7]. Clearly,
any microscopic description of these forms of unconventional superconductivity must be
based on a theory of strange metals.
Doniach proposed a theoretical description of the heavy fermion compounds at lattice
scales, called the \Kondo lattice" [8]. The rare-earth or actinide atoms' f -orbital electrons
act as localized magnetic moments, that is, spins xed in a regular, periodic array, while the
other atoms provide conduction electrons that form a LFL. The Kondo lattice Hamiltonian
thus includes a LFL kinetic term plus two types of interaction terms. The rst type are
Kondo interaction terms: each spin couples to the spin current of the LFL. The second
type are Heisenberg interaction terms between spins.
In fact, in the heavy fermion compounds the latter is induced by the former: via the
Kondo coupling, each spin produces Friedel oscillations in the LFL that subsequently induce
Heisenberg couplings between spins. The strength of these induced Heisenberg interactions
decays with separation as a sinusoid (with period xed by the Fermi momentum, kF ) in
a power-law envelope [1]. These induced Heisenberg interactions are called Ruderman-
Kittel-Kasuya-Yosida (RKKY) interactions. In a (standard) abuse of terminology, we will
always refer to the Heisenberg interactions as \RKKY," even if they are not induced by the
Kondo interactions. Indeed, following the most general formulation of the Kondo lattice,
we will treat the Kondo and Heisenberg/RKKY couplings as independent parameters.
The Kondo lattice \problem" is to determine the eigenstates of the Kondo lattice
Hamiltonian for any strengths of the Kondo and RKKY couplings and for any T , and
from them to derive observables such as . A complete solution, employing no approxima-
tions, remains a major challenge. Existing solutions exploit simplifying limits. Indeed, the
simplest limits just ignore one or the other interaction. For example, suppose the Kondo
interaction energy is negligible relative to that of the RKKY interaction. In other words,
suppose we just ignore the Kondo interaction terms in the Hamiltonian, which thus re-
duces to the sum of the LFL kinetic term and a Heisenberg Hamiltonian. AFM RKKY
couplings then trivially lead to an AFM metal, as observed on one side of many heavy
fermion quantum phase transitions.
Conversely, suppose the RKKY interaction terms can be neglected, so that the Hamil-
tonian describes a LFL with Kondo couplings to a lattice of spins. In fact, consider an
even more extreme simplication: a Hamiltonian with only two terms, a LFL kinetic term
and a Kondo coupling to a single spin. Such a Hamiltonian has been realized experimen-
tally in quantum dots [9{11] and in metals doped with a dilute concentration of magnetic
impurities [12{14], and is thus called the \single-impurity Kondo Hamiltonian."
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The corresponding \single-impurity Kondo problem" has been solved completely via a
combination of complementary techniques: numerical Renormalization Group (RG) tech-
niques [15{17], integrability [18{25], large-N limits [1, 6, 26{29], Conformal Field Theory
(CFT) techniques [29{35], and more. For reviews of many of these, see for example refs. [36,
37]. The solution is most succinctly described as an RG ow from the ultra-violet (UV)
to the infra-red (IR), with T playing the role of RG scale. What happens as T decreases
depends on the sign of the Kondo coupling, that is, whether the Kondo coupling is ferro-
magnetic (FM) or AFM. The former renormalizes to zero in the IR: the low-T limit is a LFL
and a free spin. An AFM Kondo coupling, however, increases as T decreases, eventually
diverging at a characteristic, dynamically-generated scale, the \Kondo temperature," TK.
In that case, when T < TK the LFL fermions form a screening cloud around the
impurity, the \Kondo cloud" [38]. When T = 0, the Kondo cloud has characteristic size
/ 1=TK and net spin 1=2, which locks with the impurity spin into the anti-symmetric singlet
of the spin SU(2) symmetry. This \Kondo singlet" is the ground state of the single-impurity
AFM Kondo Hamiltonian [36, 37]. Remarkably, the solutions of the AFM Kondo problem
reveal that the excitations about this highly-entangled many-body ground state are simply
those of a LFL, albeit with dierent properties from the LFL at high T . In particular,
at low T the LFL fermion spectral function exhibits a \Kondo resonance" at the Fermi
level, and the LFL fermions acquire an s-wave phase shift of =2, the maximum allowed by
unitarity [36, 37]. In practice, the name \Kondo eect" is used to refer to any, or all, of these
phenomena (the screening of the impurity spin, the Kondo resonance, the phase shift, etc.).
Returning to the Kondo lattice, but still ignoring RKKY interactions, as the impurity
concentration increases the single-impurity approximation will eventually break down be-
cause the Kondo clouds will signicantly overlap [38]. In that case, mean-eld limits can
restore control. Examples of mean-eld limits include promoting the SU(2) spin symmetry
to SU(N) and then sending N !1, i.e. the large-N limit [1, 6, 26], or sending the number
of spatial dimensions to innity, which is the basis for (extended) dynamical mean eld
theory [1, 3, 4, 39]. Generically in such mean-eld limits, Kondo resonances do appear,
and in fact hybridize with the conduction band, injecting new fermions into the spectrum.
These new fermions contribute to the Fermi surface, which thus becomes \large," and are
also heavy, intuitively because they arise from spins xed in place.
These simplifying limits can thus describe the two phases on either side of the heavy
fermion quantum critical point. What about the quantum critical point itself, which arises
from a competition between RKKY and Kondo interactions in a regime where neither is
negligible? What about the resulting strange metal?
Here the simplest starting point is the two-impurity Kondo Hamiltonian, which in-
cludes the LFL kinetic term, two spins with equal Kondo couplings to the LFL, and an
RKKY interaction between the spins [26, 40{57]. The two-impurity Kondo problem has
not been solved completely, however a combination of various methods, including large-
N [26, 44, 48] and CFT techniques [45, 49, 51, 53{55], have provided substantial progress.
Crucially, in the two-impurity Kondo model the LFL decomposes into two \channels"
of fermions, of even and odd parity with respect to the mid-plane between the impurity
spins. For AFM Kondo coupling, what happens at low T depends on whether the RKKY
coupling is FM or AFM. For example, with SU(2) spin symmetry, an innitely large FM
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RKKY coupling forces the spins to lock into a triplet, eectively forming a single spin-1
impurity. Upon lowering T , that eective impurity is screened in a multi-stage Kondo
eect. The odd channel has larger Kondo coupling and so screens half of the impurity
spin rst, leaving behind a single spin-1=2 impurity, which is then screened at lower T
by the even channel. At suciently low T a LFL emerges, where each channel acquires
a =2 phase shift. For innitely large AFM RKKY coupling, the spins lock into an anti-
symmetric singlet, and so eectively decouple from the LFL. The low-T LFL is then the
same as at high T , and in particular no phase shift occurs. However, at T = 0 particle-hole
symmetry allows phase shifts of only =2 or zero [48]. Changing the RKKY coupling from
FM to AFM thus necessarily leads to a quantum phase transition where the phase shift
jumps discontinuously from =2 to zero [48]. That quantum phase transition turns out to
be second order [41, 43, 45, 47, 57]. Crucially, however, no change of symmetry occurs at
the quantum critical point: the T = 0 ground state is always an SU(2) singlet.
The two-impurity Kondo problem teaches us two lessons relevant for the Kondo lattice
problem. The rst lesson is that the Kondo eect does not occur at each impurity, rather,
a Kondo eect occurs in each symmetry channel, even or odd. For AFM Kondo and
innite FM RKKY couplings, the ground state is not two Kondo clouds, one around each
impurity, but a more complicated state in which the even channel's Kondo cloud screens
the impurity left over by the odd channel's Kondo cloud. The second lesson is that a
competition between RKKY and Kondo couplings can produce a non-trivial critical point.
However, the two-impurity Kondo critical point is qualitatively distinct from that of the
Kondo lattice: the latter involves a genuine change of symmetry, from the AFM metal
phase to the paramagnetic LFL phase.
To date, for the Kondo lattice problem in the regime where Kondo and RKKY inter-
actions are comparable, the most successful simplifying limits are mean-eld [1{6]. Indeed,
a patchwork of various mean-eld limits can reproduce many features of the heavy fermion
phase diagram, at least qualitatively. However to our knowledge no single mean-eld limit,
or collection of mean-eld limits, describes all features, qualitatively or quantitatively.
We thus turn to an alternative approach: the Anti-de Sitter/CFT (AdS/CFT) Corre-
spondence, also known as gauge-gravity duality or holography [58{60]. AdS/CFT equates
a weakly-coupled theory of gravity in (d+ 1)-dimensional AdS spacetime, AdSd+1, with a
strongly-coupled d-dimensional CFT \living" on the boundary of AdSd+1. Typically the
strongly-coupled CFT is a non-Abelian Yang-Mills (YM) [61] or Chern-Simons theory [62]
in the 't Hooft large-N limit.
Various holographic single-impurity Kondo models exist: see for example refs. [63{77].
In all cases, the SU(2) spin symmetry is replaced by SU(N), which is then gauged, that
is, SU(N) gauge elds are introduced, and often additional elds, such as supersymmetric
partners for the SU(N) gauge elds. A magnetic impurity is then described by an SU(N)
Wilson line [78{83]. (For a dierent approach, using a delta-function source to describe a
point-like impurity, see ref. [84].)
These changes to the original Kondo problem have dramatic consequences. The SU(N)
gauge elds bring with them a new coupling constant, the 't Hooft coupling. A simple
holographic description, in terms of a classical Einstein-Hilbert action, requires two limits,
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the 't Hooft large-N limit, followed by large 't Hooft coupling. In other words, holography
not only employs large N , but also replaces the weakly-coupled quasi-particles of a LFL
with a strongly-interacting gauge theory. In that sense, holographic Kondo models are
always strongly-interacting mean-eld limits.
The dierences between holography and other mean-eld limits raise many questions.
How do the phase diagrams of holographic Kondo lattices compare to those of the heavy
fermion compounds? In holographic Kondo lattices, does a competition between Kondo
and RKKY couplings universally give rise to quantum criticality and strange metal phases?
If so, then what can holography teach us about the strange metal degrees of freedom?
After all, holography has distinct advantages over other methods, for example in studying
entanglement entropy [85], quantum quenches [86], and more, which could provide unique
insights into the nature of the strange metal degrees of freedom.
Various attempts to build holographic lattices of impurities appear in refs. [63{66, 69,
87]. However, these include neither the Kondo nor RKKY couplings, so although some may
have  / T [69], whether they really describe the strange metal state that arises from heavy
fermion quantum criticality is unclear. Indeed, some have properties distinctly dierent
from the heavy fermion strange metal phase, such as non-zero extensive entropy at T = 0.
In fact, among holographic single-impurity Kondo models, only the model of ref. [77]
includes a Kondo coupling at all, and also describes many essential single-impurity Kondo
phenomena, such as the appearance of TK and a phase shift. Our goal in this paper is
to extend the holographic single-impurity model of ref. [77] to a holographic two-impurity
Kondo model, including an RKKY coupling, and to study whether the competition between
the Kondo and RKKY couplings may produce a quantum phase transition.
The holographic single-impurity Kondo model of ref. [77] uses the holographic version
of the large-N limit, described above, and two other ingredients: the CFT description of
the Kondo problem and the Abrikosov pseudo-fermion representation of the impurity spins.
The CFT approach to the single-impurity Kondo problem [30{35] begins with a partial
wave decomposition of the LFL fermions, retaining only the s-wave around the impurity.
That limit produces a one-dimensional problem: left- and right-moving fermions (in- and
out-going s-waves) on a half line (the radial distance to the impurity), interacting with
the impurity at the origin. Mapping the right-movers to the negative half of the real line
and re-labeling them as left-movers produces the simplest description: left-movers alone
on the entire real line, interacting with the impurity at the origin. The advantage of the
CFT approach is an innite accidental symmetry: the left-movers form a chiral CFT,
which has an innite number of symmetry generators, including in particular Virasoro and
Kac-Moody generators. In the CFT description, the Kondo eect reduces to a change in
boundary conditions at the origin, the simplest example being a =2 phase shift.
The CFT approach extends to the two-impurity Kondo problem as well, in the limit
that the separation between the impurities is negligible [45, 49, 51, 53{55]. Now, however,
the two channels of fermions, even and odd, lead in the CFT description to two channels
of left-moving fermions coupled to a single eective impurity at the origin.
The Abrikosov pseudo-fermion representation is most appropriate for an impurity spin
in a totally anti-symmetric representation of SU(N). In that case, we can write the spin
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operator as a bi-linear product of auxiliary fermions, the pseudo-fermions. That intro-
duces an additional, redundant \auxiliary" symmetry, namely a U(1) that shifts the phase
of the pseudo-fermion but leaves the spin operator invariant. In the large-N limit, after
introducing pseudo-fermions, the Kondo coupling becomes double-trace with respect to
SU(N), and the Kondo eect appears as symmetry breaking at the impurity: below a
critical temperature, on the order of TK, a charged scalar operator condenses at the impu-
rity [22, 26, 88, 89]. That scalar is built from a LFL fermion and a pseudo-fermion, and
is a singlet of SU(N) but bi-fundamental under the electromagnetic U(1) (which shifts the
LFL fermion's phase) and auxiliary U(1) symmetries. Its condensation represents Kondo
screening, and breaks U(1)  U(1) to the diagonal. Of course, this phase transition is an
artifact of the large-N limit. The actual Kondo eect is a smooth crossover.
With two impurity spins we must introduce two distinct species, or \avors," of
pseudo-fermions. The auxiliary U(1) symmetry is enhanced to U(2), under which the
pseudo-fermions transform in the fundamental representation. The RKKY coupling is
quadratic in pseudo-fermions, and double-trace with respect to SU(N). Crucially, two to-
tally anti-symmetric impurities cannot lock into a singlet of SU(N) unless N is even and
the representation's Young tableau has exactly N=2 boxes. In that special case, at large
N the competition between Kondo and RKKY couplings leads to a rst-order quantum
phase transition [44, 48].
On the gravity side of our holographic two-impurity Kondo model, the classical action
includes four terms (not counting boundary terms). First is a (2+1)-dimensional Einstein-
Hilbert action with negative cosmological constant, i.e. gravity in AdS3. Roughly speaking,
this term is dual to a large-N , strongly-coupled (1+1)-dimensional CFT. Second is the ac-
tion of a Chern-Simons gauge eld, dual to Kac-Moody currents [90], as in the CFT descrip-
tion of the Kondo model. In other words, we replace the free left-moving fermions in the
CFT description of the Kondo eect with a strongly-coupled CFT with Kac-Moody algebra.
Third is a U(2) YM gauge eld localized at a co-dimension one brane, meaning an AdS2 sub-
space of AdS3, dual to the auxiliary U(2) charges of the Abrikosov pseudo-fermions localized
at the impurity. Fourth is a complex scalar eld also localized to AdS2, bi-fundamental
under the Chern-Simons and U(2) YM gauge groups, and dual to the scalar operator that
condenses in the large-N Kondo eect. We treat the Chern-Simons gauge eld, U(2) YM
elds, and bi-fundamental scalar eld in the probe limit: in the classical action at large N ,
the Einstein-Hilbert term scales as N2, while the three other terms each scale as N . To
leading order in N , we can thus neglect the matter elds' contribution to Einstein's equa-
tion, and solve the matter elds' equations of motion in the xed background geometry. We
study the dual CFT only in (1+1)-dimensional Minkowski space with non-zero temperature
T , so the bulk geometry will always be the Poincare patch of the BTZ black hole [61].
We have two main results. The rst is the holographic renormalization [91{94] of
our model. The main challenge there is the well-known fact that a YM gauge eld in
AdS2 diverges asymptotically near the AdS2 boundary, in stark contrast to gauge elds in
higher-dimensional AdS spaces. That divergence can alter the asymptotics of any other
elds coupled to the YM eld, and indeed alters the asymptotics of our complex scalar eld.
Recalling that the near-boundary region of AdS2 corresponds to the UV of the dual eld
theory [61], holography thus suggests that the charge dual to the AdS2 YM eld behaves
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much like an irrelevant operator. In particular, changing the auxiliary U(2) charge can
change the dimension of the scalar operator at the UV xed point. Our holographic renor-
malization will indeed be very similar to that for elds dual to irrelevant operators [95, 96].
The holographic renormalization will provide the complete set of covariant boundary coun-
terterms, which allows us to compute renormalized correlators, including the renormalized
thermodynamic free energy. Moreover, the holographic renormalization allows us to iden-
tify the double-trace Kondo and RKKY couplings of our model as boundary conditions
on the bi-fundamental scalar and U(2) YM eld, respectively. This is the rst explicit
identication of an RKKY coupling in holography, which is a necessary rst step towards
building a holographic Kondo lattice.
Our second main result is the phase diagram of our model in the plane of RKKY cou-
pling versus T=TK, which we obtain by solving the equations of motion of our model numer-
ically. For any FM RKKY coupling, and for AFM RKKY coupling below a critical value,
we nd only a trivial phase, in which neither Kondo nor inter-impurity screening occurs,
dual to trivial solutions for the complex scalar and U(2) YM gauge elds. Above a critical
value of AFM RKKY coupling and below a critical T=TK, a phase transition occurs: the
complex scalar condenses, signaling Kondo screening, and simultaneously the o-diagonal
components of the U(2) YM gauge eld condense, signaling AFM correlations of order N2
between the spins. Indeed, the coexistence of Kondo and inter-impurity screening is generic
in two-impurity Kondo models when the two impurity spins do not lock into a spin singlet,
and in fact the coexistence of Kondo and inter-impurity screening is widely believed to oc-
cur in the Kondo lattice [3, 4, 57]. In fact, we will present an argument, to our knowledge
novel, that at leading order at large N and with totally anti-symmetric impurity spins,
only AFM correlations of order N2 are visible, while FM correlations are absent. That ar-
gument is based only on SU(N) representation theory, and thus may have implications for
many other large-N descriptions of magnetism, in holography and beyond. Our numerical
evidence suggests that the transition is rst order near the critical value of the AFM RKKY
coupling, but upon increasing the AFM RKKY coupling becomes second order. Our nu-
merical evidence also suggests that the rst order-transition near the critical AFM RKKY
coupling persists to T=TK = 0, similar to the large-N quantum phase transition with two
impurities in an anti-symmetric representation with exactly N=2 boxes [44, 48]. In other
words, our numerical evidence suggests that a rst-order quantum phase transition occurs
in our model, as we increase the RKKY coupling through a critical AFM value, from a
trivial phase, with neither Kondo screening nor inter-impurity correlations, to a non-trivial
phase, with both Kondo screening and AFM inter-impurity correlations of order N2.
This paper is organized as follows. In section 2 we review the details of the original two-
impurity Kondo model that we will need for our holographic model. In section 3 we present
our holographic model. In section 4 we describe our ansatz for solutions and perform the
holographic renormalization of our model. In section 5 we present our results for the phase
diagram. We conclude in section 6 with suggestions for future research, and especially
for building holographic Kondo lattices. We collect in an appendix some technical results
about the normalizability of massless and massive gauge elds in AdSd+1 with d  1, where
the case of massless gauge elds in d = 1 (AdS2) will be useful to us throughout the paper.
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2 Review: the single- and two-impurity Kondo models
In this section we review the details of the single- and two-impurity Kondo models that
we will need for our holographic model. In particular, we review the CFT and large-N
approaches to both the single- and two-impurity Kondo models.
2.1 The single-impurity Kondo model
The single-impurity Kondo Hamiltonian density, H^K, describes the interaction of a LFL
with a single localized quantum impurity spin [36, 37]:
H^K = c
y

 r2
2m
c + ^K (~x)S
A J^ A; (2.1)
where cy and c are creation and annihilation operators for LFL fermions of spin , that is,
the c are in the fundamental representation of the SU(2) spin symmetry, m is the fermion
mass, ^K is the Kondo coupling constant, S
A is the spin of the impurity localized at the
origin, also in the fundamental representation of SU(2), and J^ A = cy TA c is the LFL
spin current at the impurity's location, with TA the generators of SU(2) (so A = 1; 2; 3).
The beta function for ^K is negative to one-loop order in perturbation theory in ^K [36,
37]. Consequently, a FM Kondo coupling, ^K < 0, is marginally irrelevant in the IR. On
the other hand, an AFM Kondo coupling, ^K > 0, is asymptotically free in the UV, but in
the IR appears to diverge at a dynamically-generated scale, the Kondo temperature, TK.
In the high-temperature regime, T  TK, perturbation theory in ^K is thus reliable for
calculating observables, including (at one loop) the characteristic   ln(T=TK) contribution
to the resistivity,  [12]. At low temperatures, the renormalization of AFM ^K to large
values is the main obstacle to solving the Kondo problem, i.e. to determining the eigenstates
of H^K and the resulting thermodynamic and transport properties.
The single-impurity Kondo model has been realized experimentally in quantum dots [9{
11] and in metals doped with a dilute concentration of magnetic impurities [12{14]. In many
of these cases, multiple conduction bands, or \channels" (or in particle physics language,
\avors"), couple to the same impurity, and in many cases the impurity has a spin degen-
eracy greater than two [1, 6, 26, 27, 36, 37]. To describe these cases, the Kondo model has
been generalized to the case of k fermion channels, each in the fundamental representa-
tion of an SU(N) spin symmetry, with an impurity SA in a general representation UV of
SU(N), with dimension dim(UV). The symmetry group that leaves H^K invariant is then
SU(N)SU(k)U(1), with channel symmetry SU(k) and electromagnetic symmetry U(1),
which acts by shifting the phase of c. The single-impurity Kondo problem has been solved
for general N , k and UV using a number of complementary techniques, including numerical
RG [15{17], integrability [18{25], large-N techniques [1, 6, 26{29], CFT techniques [30{35],
and more. For reviews of many of these, see for example refs. [36, 37].
Without going into details, we can reach a basic understanding of the solution to the
Kondo problem as follows. Let us assume that, starting from the LFL in the UV, the
RG ow takes us all the way to ^K ! +1 in the IR. In that case, the ground state
must minimize the Kondo interaction SAJ^ A. Concretely, among all the eigenstates of
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SA + J^ A that can be formed by the impurity UV and the LFL fermions, subject to Pauli
exclusion and SU(k) channel symmetry, the ground state will have the minimal eigenvalue
of SAJ^ A [28, 29]. Let IR denote the corresponding SU(N) representation of any impurity
remaining in the IR, with dimension dim(IR). The ^K !1 xed point must fall into one
of the following three classes, depending on how dim(IR) compares to dim(UV):
1. Critical screening : if IR is a singlet of SU(N), dim(IR) = 0, then the impurity
has been screened completely. This occurs for instance in the original single-channel
SU(2) Kondo model: the ground state is the Kondo singlet, that is, the Kondo cloud
has net spin 1=2, which locks with the impurity spin into the anti-symmetric singlet
of SU(2).
2. Underscreening : if 0 < dim(IR)  dim(UV), then the impurity is either partially
screened or unscreened, and whatever net impurity spin remaining in the IR interacts
with the LFL via a marginally irrelevant FM Kondo coupling [28, 97].
3. Overscreening : if dim(IR) > dim(UV), then the nave strong coupling xed point
^K ! 1 cannot be the actual IR xed point, since that would lead to a greater
number of impurity degrees of freedom (greater impurity entropy) in the IR than in
the UV, which is impossible for a physical RG ow [29, 33]. In fact, the overscreened
impurity interacts with neighboring LFL fermions via a marginally relevant AFM
Kondo coupling, rendering the nave IR xed point unstable. The true IR xed point
is not at ^K ! 1, but at a non-trivial, intermediate value of ^K [97, 98], and gives
rise to non-Fermi liquid behavior.
With critical or underscreening, the excitations about the ground state arrange themselves
again into a LFL. However, the IR LFL is distinct from the UV LFL. In the IR, the
LFL fermions are subject to special boundary conditions: their wave function must vanish
at the location of the impurity. Intuitively, the reason is that, due to Pauli exclusion,
a LFL fermion can penetrate that location only by destroying the screened impurity in
representation IR, whose binding energy is / ^K ! 1 [35]. The vanishing of the wave
function is equivalent to an s-wave =2 phase shift in the IR relative to the UV.
Our holographic model is mainly based on the CFT and large-N approaches to the
Kondo problem. We shall therefore quickly review the features of these approaches that
will be essential to our holographic model.
2.1.1 CFT techniques
The single-impurity Kondo model is spherically symmetric about the impurity: if we per-
form a partial-wave decomposition of the c, then only the s-wave couples to the impurity.
The CFT approach [30{35] begins by discarding all higher partial waves (in real space),
followed by linearizing the dispersion relation about kF (in momentum space). The result
is a (1 + 1)-dimensional model on the positive real axis, representing the radial distance
to the impurity, with left- and right-moving fermions (in-coming and out-going s-waves)
interacting with the impurity at the origin. Linearizing the dispersion relation about kF
{ 9 {
J
H
E
P
0
1
(
2
0
1
6
)
1
0
3
trivially leads to a relativistic model, with the Fermi velocity vF  kF =m playing the role
of the speed of light. After extending the positive real axis to negative values, reecting the
right-movers about the origin, and re-labeling them as left-movers, we obtain the simplest
description of the single-impurity Kondo model: left-movers alone, moving on the entire
real line, interacting with the impurity at the origin. The resulting (1 + 1)-dimensional
Kondo Hamiltonian density is (suppressing SU(k) channel indices)
HK =
vF
2
 yi@x  + vFK(x)S
A yT
A
  ; (2.2)
where  y creates a left-moving fermion with spin , K / ^K is the classically
marginal (1 + 1)-dimensional Kondo coupling, and TA are now the generators of SU(N)
(A = 1; : : : ; N2   1), in the fundamental representation. We will henceforth choose units
with vF  1.
The free left-moving fermions form a chiral CFT, invariant under a single Virasoro
algebra. Moreover, the SU(N)  SU(k)  U(1) symmetry of the original Hamiltonian
density, H^K in eq. (2.1), has now been enhanced to an SU(N)kSU(k)NU(1) Kac-Moody
symmetry. This innite (accidental) symmetry is the main advantage of the CFT approach.
In the CFT approach, with AFM Kondo coupling, K > 0, the UV xed point (high T )
is simply free left-moving fermions and a decoupled impurity. The Kac-Moody symmetry
determines the spectrum of eigenstates completely [30{32, 35]. The Kondo problem then
reduces to determining the IR xed point CFT (low T ). The CFT solution of the Kondo
problem is based on two proposals. The rst is that the IR CFT must have the same
Kac-Moody symmetry as the UV xed point, which will thus determine the spectrum of
eigenstates in the IR completely [30]. The second is that the IR eigenstates are obtained
from those in the UV by \fusion" with the impurity representation, UV [31]. The CFT
results for the spectrum agree with other methods, including in particular integrability [30{
32, 35]. However, the CFT approach also provides novel information. For example, the
spectrum of irrelevant deformations about the IR xed point determines the low-T scaling
exponents of the entropy, magnetic susceptibility, and electrical resistivity [30{32, 34, 35].
For our holographic Kondo model, the key ingredient we need from the CFT approach
is the existence of a (1 + 1)-dimensional chiral CFT description of the Kondo Hamiltonian,
invariant under an SU(N)k  SU(k)N U(1) Kac-Moody symmetry.
2.1.2 Large-N techniques
Our holographic Kondo model will employ a large-N limit [1, 6, 26{29], and in particular
will employ the large-N description of the Kondo eect as symmetry breaking at the im-
purity's location [22, 26, 88, 89]. That description begins by representing the impurity spin
SA in terms of Abrikosov pseudo-fermions, in the fundamental representation of SU(N):
SA = yT
A
 ; (2.3)
where y and  are creation and annihilation operators for an Abrikosov pseudo-fermion.
The  obey fermionic anti-commutation relations, which ensures that S
A indeed obeys
the SU(N) algebra. The Hilbert space on which SA acts is built by acting on the vacuum
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with the y. Because the y anti-commute, the states in the Hilbert space form totally
anti-symmetric tensor products of the fundamental representation of SU(N), with the rank
of a tensor given by the total number q of Abrikosov pseudo-fermions in a particular state
(so q ranges from zero to N). To obtain an irreducible representation, we must x the rank
q of the anti-symmetric tensor, by imposing a constraint on the states in the Hilbert space:
y = q: (2.4)
This constraint can also be understood from a dierent perspective: writing an SU(N) spin
as SA = yTA introduces an additional U(1) symmetry, which acts by shifting the phase
of , but leaves S
A invariant, and hence is redundant or \auxiliary." The auxiliary U(1)
articially enlarges the Hilbert space, so to project onto the subspace of physical states we
must \gauge-x" the charge of the auxiliary U(1), leading to the constraint in eq. (2.4).
Totally symmetric representations of SU(N) can be obtained by representing SA via
Schwinger bosons, rather than Abrikosov pseudo-fermions [28, 99, 100]. General represen-
tations of SU(N) can be realized in several dierent ways: by mixing Abrikosov pseudo-
fermions and Schwinger bosons [97], by replacing the fundamental representation genera-
tors TA by generators of another representation [24, 25], or by introducing multiple avors
of Abrikosov pseudo-fermion, subject to a more complicated constraint [82]. However, in
what follows, we will exclusively consider impurity spins in totally anti-symmetric, rank q
tensor representations of SU(N), and we will always represent SA using Abrikosov pseudo-
fermions.
Representing SA in terms of Abrikosov pseudo-fermions allows a convenient re-writing
of the Kondo interaction, as follows. Using the completeness relation satised by the
fundamental-representation SU(N) generators,
TAT
A
 =
1
2

   1
N


; (2.5)
and 's anti-commutation relations, we can re-write the Kondo interaction in eq. (2.2) as,
after dropping an unimportant constant / q,
KS
A yT
A
  = K

yT
A


 yT
A
 

=  1
2
K

OyO + q
N

 y 

; (2.6)
where we have dened the scalar operator O   y, which is a function of time t only,
because  cannot propagate away from the impurity's location, x = 0. In other words,
O is a (0 + 1)-dimensional operator. Clearly, O is a singlet of the spin SU(N)k symmetry,
has the same channel SU(k)N and electromagnetic U(1) representation as  
y
, and has the
same auxiliary U(1) charge as . Classically   has dimension 1=2 and  has dimension
zero, so O has dimension 1=2. The Kondo interaction eq. (2.6) is then classically marginal,
i.e. K is classically dimensionless.
So far our discussion has actually been valid for any value of N , but let us now consider
the large-N limit: we take N ! 1, keeping both NK and q=N xed and of order one.
In that case, in the Kondo coupling of eq. (2.6) the (q=N) y  term is sub-leading in
N relative to the OyO term. We thus nd that the Kondo interaction, when written
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in terms of Abrikosov pseudo-fermions and in the large-N limit, is a classically-marginal
\double-trace" interaction, of the form  KOyO. We put \double-trace" in quotation
marks because O is not the trace of a matrix in the adjoint of SU(N), but a contraction of
a eld in the anti-fundamental representation of SU(N),  y, with a eld in the fundamental
representation, . In what follows we will drop the quotation marks. The double-trace
form of the Kondo interaction will be extremely useful for our holographic model: a double-
trace interaction will be realized holographically by a simple linear boundary condition on
the complex scalar eld dual to O, as we will discuss in section 4.
The solution of the large-N saddle point equations reveals a second-order mean-eld
phase transition at a critical temperature, on the order of but distinct from TK, below
which O acquires a non-zero expectation value, hOi 6= 0 [22, 26, 88, 89]. The condensation
of O spontaneously breaks the channel symmetry down to SU(k   1)N , and breaks the
U(1)U(1) electromagnetic and auxiliary symmetry down to the diagonal. Intuitively, the
condensation of O represents the formation of a Kondo cloud around x = 0, screening the
impurity spin.
Of course, spontaneous symmetry breaking in (0 + 1) dimensions is impossible for
nite N : the phase transition is an artifact of the large-N limit. Corrections in 1=N
will change the phase transition to a smooth cross-over [22], as observed in experimental
realizations of the single-impurity Kondo eect [9{14]. In this sense the large-N limit of
the single-impurity Kondo model is singular. Moreover, in the large-N limit, for T above
the critical temperature, where hOi = 0, all physics reduces to that of the UV chiral CFT,
free left-moving fermions. In particular, the characteristic   ln(T=TK) contribution to the
resistivity at high T is absent at large N . Nevertheless, the large-N limit captures much
of the essential single-impurity Kondo physics at low T , including low-T scaling exponents
and the phase shift [1, 6, 26{29].
To summarize our review of the single-impurity Kondo model: at low T and large N ,
the single-impurity Kondo eect can be described as a (1 + 1)-dimensional chiral CFT,
free left-moving fermions, deformed by a marginally-relevant, double-trace coupling to an
impurity spin, leading to spontaneous symmetry breaking at the impurity's location.
2.2 The two-impurity Kondo model
The two-impurity Kondo model [26, 40{57] is the simplest model that features the com-
petition between the Kondo and RKKY interactions, and is a natural rst step towards
building a Kondo lattice. The two-impurity Kondo model consists of two localized impurity
spins SAI and S
A
II , both in the same representation UV of SU(N), separated by a distance
`, and interacting with a LFL via two AFM Kondo couplings of equal strengths.
The most general formulation of the two-impurity Kondo model also includes a Heisen-
berg interaction between the impurity spins, of the form SAI S
A
II . However, even if such an
interaction is absent in the UV, the Kondo interactions produce Friedel oscillations in
the LFL that induce a Heisenberg interaction between SAI and S
A
II [1, 40]. In the high-T
regime, where perturbation theory in K is reliable, the leading induced Heisenberg in-
teraction is order 2K [1, 40]. Strictly speaking, the term \RKKY interaction" refers only
to that second-order induced Heisenberg interaction. Due to the Friedel oscillations, that
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RKKY coupling depends on ` as a sinusoid in 2kF ` decaying inside a power-law envelope,
which in three spatial dimensions is (kF `)
 3 [1, 40]. The sign of the RKKY interaction,
that is, whether the RKKY interaction is FM or AFM, thus depends on `. Heuristically,
kF ` dictates how many layers of screening fermions lie between the two impurity spins. If
the two spins are very close, then both spins are eectively screened by the same fermions,
which therefore mediate a FM RKKY interaction.
In some cases the RKKY coupling vanishes, and hence the only contribution to the
Heisenberg coupling constant is what we add \by hand." A vanishing RKKY coupling
obviously occurs for any non-zero ` where the sinusoid in 2kF ` vanishes. Crucially for
our holographic model, in the large-N limit the RKKY interaction is sub-leading in N
relative to the Kondo coupling [44], so if we work only to leading order in the large-N
limit, then the RKKY coupling eectively vanishes. We will thus treat the Heisenberg
coupling constant as a free parameter. However, in a (standard) abuse of terminology,
we will always refer to the Heisenberg coupling constant as the \RKKY coupling," even
though it is not necessarily induced by the Kondo interactions.
The RKKY coupling constant (induced or otherwise), RKKY, has classical dimension
1, and so is classically relevant. The two-impurity Kondo model thus has two intrinsic
scales, TK and RKKY, although only the latter is explicit in the Hamiltonian density.
Despite its apparent simplicity, the two-impurity Kondo problem has been solved only
for certain values of N , k and UV, using many of the techniques developed for the single-
impurity Kondo problem.
For example, at low energy, or equivalently large distances, where ` is negligible, a
CFT description of the two-impurity Kondo model becomes reliable [49, 51]. The CFT ap-
proach to the two-impurity Kondo model begins with spatial averages over the momentum
directions of the LFL fermion wave function, leading to a (1 + 1)-dimensional description,
analogous to the s-wave reduction in the single-impurity Kondo model [49, 51]. However,
now two modes per channel participate in the interactions, namely modes with even and
odd parity about the mid-plane between the two impurities. In other words, the reduction
to (1 + 1) dimensions leads to an eective doubling of the number of channels, from k to
K  2k. Additionally, the even and odd modes have momentum-dependent Kondo cou-
plings of dierent strengths. However, at low energies, where ` is negligible, these Kondo
couplings can be evaluated at kF , in which case the dierences between them are irrelevant
in the RG sense [49, 51]. Ultimately, the CFT description thus involves K channels of
(1+1)-dimensional left-moving fermions interacting with identical Kondo couplings to two
identical impurity spins at the origin.
The original two-impurity Kondo model has N = 2, k = 1, and UV the fundamental
representation of SU(2), and has been studied using a combination of numerical RG tech-
niques [41, 43, 45, 47, 56, 57] and CFT techniques [45, 49, 51, 53{55]. The results conform
to intuition. In the FM RKKY limit, RKKY=TK !  1, the two impurities lock into
the triplet of SU(2), in order to minimize the RKKY interaction. Upon lowering T , this
eective spin-1 impurity is completely screened in a two-stage Kondo eect. In the rst
step, the fermions from the more strongly coupled odd channel screen half of the spin-1
impurity, and in the second step the remaining spin-1=2 impurity is screened by the even
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channel. The IR xed point is a LFL with a =2 phase shift. In the AFM RKKY limit,
RKKY=TK ! +1, the two impurities lock into the anti-symmetric singlet of SU(2), and
eectively disappear from the spectrum. Consequently, no impurity remains that could be
screened by the LFL, so the IR xed point is a LFL with no phase shift.
In fact, at T = 0 particle-hole symmetry allows only two values of the phase shift,
=2 and zero, so the FM and AFM RKKY limits must be separated by a quantum phase
transition where the phase shift jumps discontinuously from one value to the other [48, 51].
Numerical RG and CFT techniques show that the transition occurs at a non-zero AFM
value RKKY=TK  2:2 and is second order, and hence gives rise to a quantum critical
point [43, 45, 47, 56, 57]. However, no change of symmetry occurs at the critical point: the
ground state on both sides of the transition is a singlet of SU(2).
Surprisingly, numerical RG techniques reveal that the spin-spin correlator, hSAI SAIIi,
monotonically decreases as RKKY=TK increases, and is continuous, even through the
phase transition [43, 45, 47, 57]. Indeed, hSAI SAIIi decreases smoothly and monotonically
as RKKY=TK increases from the FM limit, RKKY=TK !  1, where hSAI SAIIi = 1=4, the
triplet value, to the AFM RKKY limit RKKY=TK ! +1, where hSAI SAIIi =  3=4, the
singlet value.
Although we lack a complete solution of the two-impurity Kondo problem for general
N , k and UV, the results for the original two-impurity Kondo problem suggests the fol-
lowing intuition for the general case. In the limit of innitely strong FM RKKY coupling,
RKKY=TK !  1, or AFM RKKY coupling, RKKY=TK ! +1, the ground state of the
two-impurity system should be an eigenstate of SAI S
A
II with maximum or minimum eigen-
value, respectively. We shall denote the corresponding SU(N) representations by FM and
AFM, respectively. For general values of RKKY=TK, the ground state will be a superposi-
tion of the eigenstates of SAI S
A
II that appear in the tensor product UV
 UV. In the AFM
or FM RKKY limits, RKKY=TK ! 1, the system eectively reduces to a K-channel
SU(N) Kondo model with a single impurity in a representation AFM or FM, respectively.
In the AFM case, in some special cases UV is such that the two impurity spins can lock
into a singlet. In those cases, no Kondo screening will occur, and the IR xed point will
be a LFL with no phase shift. On the other hand, in the more general case that AFM is
non-trivial, then the residual impurity spin will be Kondo screened to the extent possible
by the K channels. The coexistence of inter-impurity and Kondo screening is thus generic
in the AFM limit. The AFM IR xed point will then be either a non-LFL (overscreening)
or a phase-shifted LFL (under- or critical- screening), depending on the values of N , K
and AFM. By contrast, in the FM case, FM is always non-trivial. In that case, Kondo
screening will occur, and again, the IR xed point will be either a non-LFL or a phase-
shifted LFL. In the special case that the IR xed point in the AFM limit does not have a
phase shift while that in the FM limit does, then the two must be separated by a quantum
phase transition [48], while in the more general case that both limits have phase shifts, the
evolution from one limit to the other may or may not be continuous.
Large-N results for the two-impurity Kondo problem, in the case of K = 2 channels, ap-
pear in refs. [26, 44, 48]. As mentioned above, at leading order in large N the genuine RKKY
interaction, induced by the Kondo interaction, is absent [44], so to obtain a Heisenberg
{ 14 {
J
H
E
P
0
1
(
2
0
1
6
)
1
0
3
interaction between the impurity spins, we must add an RKKY coupling by hand, scaled ap-
propriately with N to contribute at the same order as the Kondo coupling. The authors of
refs. [44, 48] carefully chose a totally anti-symmetric UV whose Young tableau had exactly
q = N=2 boxes, to ensure that the two spins can lock into a singlet. Indeed, their large-N
saddle-point solution reveals a rst-order quantum phase transition between an AFM phase
with no phase shift and a FM phase with a =2 phase shift, indicating Kondo screening.
Our holographic model will also contain two totally anti-symmetric SU(N) spin impu-
rities. However, our holographic model will be too crude to allow us to identify the exact
number of boxes q in the corresponding Young tableau. We will only know that q / N . As
a result, in our holographic model, in the AFM limit, typically the ground state will not
be a singlet of SU(N), and hence Kondo screening and a phase shift will occur. Indeed, as
we have seen, the coexistence of Kondo and inter-impurity screening is in fact generic in
two-impurity Kondo models when the two impurity spins do not lock into a spin singlet.
The coexistence of Kondo and inter-impurity screening is also widely believed to occur in
the Kondo lattice [3, 4, 57].
As in the single-impurity case, with totally anti-symmetric impurity spins the
Abrikosov pseudo-fermion representation allows us to write the Kondo couplings of the
two impurity spins as double-trace couplings with respect to SU(N). The pseudo-fermions
also allow us to write the RKKY coupling as a double-trace coupling of SU(N), as follows.
We introduce two species of pseudo-fermion, one for each spin:
SAi = 
y
iT
A
i ; i = I; II: (2.7)
We can then dene OI   yI, which in the large-N limit produces double-trace Kondo
couplings of the form  IKOyIOI, and similarly for OII and IIK. In our holographic model,
we will always take IK = 
II
K = K, following the CFT approach to the two-impurity Kondo
model, in which the dierence IK   IIK is irrelevant in the RG sense [49, 51].
Generically, when we introduce pseudo-fermions, we introduce an auxiliary U(1) at
each impurity site: each U(1) acts by shifting the phase of the pseudo-fermions at that
site. However, if the impurities are coincident, and the RKKY coupling vanishes, then
the auxiliary U(1)  U(1) is enhanced to U(2), under which I and II combine into a
doublet. The two scalars OI and OII thus also combine into a doublet of that U(2), which
we denote O  (OI;OII)T. We use U(2) generators
 b =
1
2
(1; 1; 2; 3); b = 0; : : : ; 3; (2.8)
with 1, 2, and 3 the Pauli matrices. The components of the auxiliary U(2) Noether
charges are then
Rb  yi bijj; (2.9)
which obey the (0+1)-dimensional conservation equation, @tR
b = 0. The constraint on the
auxiliary charge in the single-impurity case, eq. (2.4), is generalized in the two-impurity
case to constraints on the elements of Rb in the Cartan of the auxiliary U(2): if SAI and
SAII have qI and qII boxes in their Young tableaux, respectively, then we must impose
R0 =
1
2
(qI + qII); R
3 =
1
2
(qI   qII): (2.10)
{ 15 {
J
H
E
P
0
1
(
2
0
1
6
)
1
0
3
Using the completeness relation in eq. (2.5) and i's anti-commutation relations, the
RKKY interaction can be recast as a double-trace interaction with respect to SU(N),
RKKYS
A
I S
A
II =  
1
2
RKKY

(R1)2 + (R2)2   1
2
(qI + qII) +
qIqII
N

: (2.11)
Upon dropping the insignicant constants (qI + qII)=2 and qIqII=N , we thus nd that
the RKKY interaction, when written in terms of pseudo-fermions, is a classically-relevant
double-trace interaction, of the form  RKKY((R1)2 + (R2)2). Clearly the RKKY interac-
tion explicitly breaks the auxiliary U(2) symmetry down to the subgroup that commutes
with (R1)2 + (R2)2, namely, down to the Cartan of U(2). Furthermore, if the two impuri-
ties are identical, then qI = qII = q, so from eq. (2.10) we have R
0 = q and R3 = 0. The
double-trace form of the RKKY interaction will be extremely useful for our holographic
model: a double-trace interaction will be realized holographically by a boundary condition
on the U(2) YM gauge eld dual to Rb, as we will discuss in section 4.
Let us summarize our review of the two-impurity Kondo model. At large distances
compared to `, and at large N , the two-impurity Kondo model reduces to a (1 + 1)-
dimensional chiral CFT consisting of K = 2k channels of left-moving fermions, with one
marginally-relevant, double-trace Kondo coupling for each impurity spin, and a relevant,
double-trace RKKY coupling between the impurity spins, which breaks the auxiliary U(2)
symmetry down to the U(1)  U(1) Cartan subgroup. As in the single-impurity case,
we expect the Kondo eect to appear as condensation of OI and OII below some critical
temperature. Via large-N factorization, hSAI SAIIi /  h(R1)2 + (R2)2i /  hR1i2 hR2i2, so
we expect non-zero spin-spin correlations, hSAI SAIIi 6= 0, to appear as condensation of R1
and/or R2. Both eects will indeed appear in our holographic model.
3 A holographic two-impurity Kondo model
In this section we present the eld content and classical action of our holographic two-
impurity Kondo model, and then derive the classical equations of motion, which we will
study in the subsequent sections.
We begin with the CFT description of the two-impurity Kondo model reviewed in the
previous section, with K channels of (1 + 1)-dimensional left-moving fermions and two
coincident impurity spins expressed in terms of Abrikosov pseudo-fermions. The chiral
fermions form a chiral CFT with SU(N)KSU(K)N U(1) Kac-Moody algebra. To reach
a holographic description, our rst step is to introduce additional degrees of freedom in
the adjoint representation of SU(N)K , including in particular SU(N)K gauge elds. This
introduces an additional coupling, besides the Kondo and RKKY couplings, namely the 't
Hooft coupling. We then take the 't Hooft large-N limit, and the additional limit of large
't Hooft coupling. We choose the adjoint degrees of freedom such that, in these limits,
we obtain a CFT holographically dual to Einstein-Hilbert gravity in AdS3. For a specic
example of such a construction, see ref. [77].
Of course, we cannot blithely gauge the SU(N)K symmetry, because the SU(N)K cur-
rents have chiral anomalies, due to the left-moving fermions. If we obtained our Kondo
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model from a string theory construction, then the net gauge anomalies would vanish. How-
ever, following ref. [77], instead of such a \top-down" model, we will work with a \bottom-
up" model, built from the minimal ingredients that must be present in any holographic two-
impurity Kondo model, but with enough structure to describe the essential phenomena. In
that case, to suppress the gauge anomalies, we take the probe limit: when N !1, we keep
K xed, so that K  N , and compute all expectation values only to order N . At leading or-
der in that limit, the anomalies do not appear [77, 101], and eectively SU(N)K ! SU(N).
Each SU(N)-invariant, single-trace, low-dimension (i.e. dimension of order N0) oper-
ator is holographically dual to a eld in the gravity description. The stress-energy tensor
of the (1 + 1)-dimensional CFT is dual to the metric in AdS3. The SU(N) currents are
not gauge-invariant, and hence do not appear explicitly in the gravity description. The
SU(K)N  U(1) Kac-Moody currents are dual to a SU(K)N  U(1) Chern-Simons gauge
eld [90], which in form notation we call A. The auxiliary U(2) charges Rb at the im-
purities' location, x = 0, are dual to a U(2) YM gauge eld, which in form notation we
call a = ab b, localized to x = 0, that is, localized to an AdS2 subspace of AdS3. The
complex scalar O at the impurities' location is bi-fundamental under SU(K)N U(1) and
the auxiliary U(2), and is dual to a complex scalar eld, , localized to the AdS2 subspace
and bi-fundamental under the SU(K)N U(1) Chern-Simons and U(2) YM gauge elds.
An O of dierent spin or charge could be an essential ingredient for holographic duals
of other quantum impurity models. For example, suppose our impurity spins were in a
totally symmetric representation of SU(N), and that we represented them using Schwinger
bosons [28, 99, 100]. That case would involve a fermionic, rather than bosonic, O. An O
with dierent charges could be essential for a holographic dual of an Anderson impurity
model, which describes the formation of a localized magnetic moment, and which gives
rise, at low energies, to the single-impurity Kondo model [1]. In the Anderson model, the
impurity is a bi-linear product of two physical, rather than auxiliary, f electrons, which are
charged under the U(1) of electromagnetism, in contrast to the pseudo-fermions, which are
neutral under that U(1). A holographic dual of the Anderson model would thus require a
complex scalar similar to our O, but built from a LFL fermion and the f electron, and hence
neutral under the U(1) of electromagnetism. The dual complex scalar eld  would then
be neutral under the U(1) factor of the SU(K)N  U(1) Chern-Simons gauge group. Our
choices of spin and charge for O indicate unambiguously that our holographic model is dual
to a Kondo model with impurity spins in totally anti-symmetric representations of SU(N).
As mentioned above, we will work in a probe limit. In our holographic model, that
means the Einstein-Hilbert action will scale as N2, but the matter action will scale as N .
The matter elds' contribution to the Einstein equation is then suppressed by a factor of N ,
and so can be neglected in the large-N limit. As a result, we only need to solve the matter
elds' equations of motion in a xed background metric, obtained by solving the vacuum
Einstein equation with negative cosmological constant. To describe a (1 + 1)-dimensional
CFT on the real line with non-zero T , we must use the AdS3-Schwarzschild, or BTZ, black
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brane metric,
ds2BTZ =
1
z2

1
h(z)
dz2   h(z)dt2 + dx2

; h(z) = 1  z
2
z2H
; (3.1)
where z is the holographic radial coordinate, with the boundary at z = 0 and the horizon
at z = zH , while t and x are the CFT time and space directions. We have chosen units in
which the AdS3 radius of curvature is unity. The Hawking temperature of the black brane,
and hence the temperature of the dual CFT, is T = 1=(2zH). The impurity is located at
x = 0, which at T = 0 is an AdS2 subspace of AdS3. More generally, for any T the induced
metric of the x = 0 subspace is
gmndx
mxn =
1
z2

1
h(z)
dz2   h(z)dt2

; (3.2)
where m;n = z; t. The determinant of this induced metric is g  det (gmn) =  1=z4.
For simplicity, we henceforth take K = 1, unless stated otherwise. In that case,
SU(K)N U(1) reduces to U(1), so our Chern-Simons gauge eld A is Abelian, with eld
strength F = dA. We will discuss the generalization to K > 1 later in this section.
For the classical action of our holographic two-impurity Kondo model, following ref. [77]
we choose the simplest two-derivative action quadratic in the elds. (Indeed, our action will
be identical to that of ref. [77], but with a U(2) YM gauge eld in AdS2, instead of a U(1)
gauge eld.) The action of our model, S, splits into two terms, one for the Chern-Simons
gauge eld, SCS, and one for the elds a and  in the AdS2 subspace, SAdS2 ,
S = SCS + SAdS2 ; (3.3a)
SCS =  N
4
Z
AdS3
A ^ dA; (3.3b)
SAdS2 =  N
Z
AdS2
d2x
p g

1
2
tr (fmnfmn) + (D
m)y (Dm) +M2y

; (3.3c)
where fmn is the eld strength of the AdS2 YM eld, while Dm is the U(2) gauge-covariant
derivative, which acts on fmn and  as
Dmf
np = rmfnp   i[am; fnp]; Dm = (@m + iAm   iam) ; (3.4)
and M2 is 's mass-squared. The symmetries completely determine the form of the action
at the two-derivative, quadratic level, except for the value of the scalar's mass-squared,
M2, which we will x in section 4. Although simple, we will see in section 5 that the
action in eq. (3.3) is sucient to capture the basic physics of the large-N two-impurity
Kondo model, and can thus serve as a foundation for further model-building, for example
by adding terms higher-order in derivatives or in the elds.
If we dene the U(2) gauge current
Jbm   i

y b(Dm)  (Dm)y b

; (3.5)
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then the equations of motion that follow from the action in eq. (3.3) are, for A, a, and ,
respectively,
nF =  8 (x)
p g gnmJ0m; Fzt = 0; (3.6a)
(Dmf
mn)b =  gnmJbm; (3.6b)
(DmD
m  M2) = 0; (3.6c)
where ;  = z; t; x, and we choose (z; t; x) to be a right-handed coordinate chart, ztx = 1.
We will work in radial gauge for both gauge elds, Az = 0 and a
b
z = 0, which we
achieve via the gauge transformations
A  !   (A + i@)   1; am  !  (am + i@m)  1;
with gauge transformation parameters   2 U(1) and  2 U(2) given by
  1 = exp

i
Z z
dz0Az

;  1 = P exp

i
Z z
dz0az

;
where the lower endpoints of the integrations over the dummy variable z0 are arbitrary
but xed, and P denotes path-ordering. The residual gauge invariance then consists of z-
independent gauge transformations, which in the following we will x by imposing boundary
conditions at z = zH .
We are interested in time-independent solutions, in which case the equation of motion
for the Chern-Simons gauge eld A, eq. (3.6a), simplies to
@xAt = 4(x)
p g gzzJ0z ; (3.7a)
@zAx = 4(x)
p g gttJ0t ; (3.7b)
@zAt = 0; (3.7c)
while the equation of motion for the U(2) YM eld a, eq. (3.6b), simplies to J0z = 0, plus
a constraint (rst order in derivatives)
bcdgttact@za
d
t = J
b
z ; b; c; d = 1; 2; 3; (3.8)
and a dynamical equation (second order in derivatives)
1p g@z
p ggzzgtt@zabt =  gttJbt : (3.9)
Eqs. (3.7a) and (3.7c) together with J0z = 0 imply that At is a constant. Regularity requires
At = 0 to vanish at z = zH , hence At = 0 everywhere. The only remaining non-trivial
component of the Chern-Simons gauge eld is then Ax, which is a function only of z, and
which does not appear in the equations of motion for a and . In particular, the equation
of motion for , eq. (3.6c), simplies to
1p g@z
 p ggzz@z  (M2 + gttabtact b c) = 0: (3.10)
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We can thus solve for a and , and then plug those solutions into eq. (3.7b) to nd Ax.
However, we will not present explicit solutions for Ax in the following. We will only need
to know that non-trivial solutions for Ax exist.
Let us now consider K > 1, so that the Chern-Simons gauge eld becomes non-Abelian,
with gauge group SU(K)N U(1). In that case, the Chern-Simons gauge eld A does not
decouple from the AdS2 elds a and  so easily. Specically, A decouples if and only if
the solutions for a and  preserve the full SU(K)N  U(1) symmetry. Since  is in the
fundamental of SU(K)N U(1), that requires all the components of  to be proportional
to one another. Recalling that  is dual to O  (OI;OII)T, and that the Kondo coupling to
the rst impurity spin is / OyIOI and similarly for the second Kondo coupling, that implies
that the two Kondo couplings respect the SU(K)N U(1) channel symmetry: all of the K
channels couple to each impurity with the same strength. In that case, a straightforward
exercise shows that the equations of motion for time-independent a and  are identical to
those in eqs. (3.9) and (3.10). In sum, as long as we preserve the channel symmetry, we
can work with K = 1 without loss of generality, as we have done.
On the other hand, if we break the channel symmetry, so that in the holographic model
A appears in the equations of motion of the AdS2 elds, then we expect a multi-stage
Kondo eect, as we reviewed for the original two-impurity Kondo model in subsection 2.2.
However, in the original model, the dierence in Kondo couplings between channels is
irrelevant in the IR [49, 51]. Recalling that in holography z plays the role of energy scale,
with z = 0 corresponding to the UV, in our holographic model we then expect A to decouple
from the AdS2 elds dynamically, deep in the bulk (at large z). We leave for future research
the question of whether that actually occurs in our holographic model.
In the remainder of the paper, we focus on the equations of motion for static solutions of
a and , eqs. (3.9) and (3.10). To solve these we need to determine the boundary conditions
on a and  at z = 0, and the value of M2. That requires holographic renormalization of
our model, which we perform in the next section.
4 Holographic renormalization and boundary conditions
In this section we perform the holographic renormalization [91{94] of the holographic two-
impurity Kondo model introduced in section 3. The essence of holographic renormalization
is formulating a well-posed variational problem for the bulk elds, which among other things
requires identifying the boundary conditions on the elds at the AdS boundary allowed
by normalizability and regularity. Holographic renormalization will allow us to identify
the Kondo and RKKY couplings in our model and to compute renormalized correlators,
including the renormalized thermodynamic free energy, both of which we will use to study
the phase diagram of our model in section 5.
In our case, holographic renormalization is non-trivial because our model includes a
U(2) YM gauge eld abm in an AdS2 subspace of AdS3, with the induced metric in eq. (3.2).
As is well-known (see for example [77, 102, 103]), a solution of the YM equations in AdS2
typically diverges near the AdS2 boundary, in contrast to YM gauge elds in higher-
dimensional AdS spacetimes. Indeed, solving our eqs. (3.8) and (3.9) for abt and expanding
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about the AdS2 boundary, z = 0, we nd a
b
t = Q
b=z + : : :, where : : : denotes terms sub-
leading in z as z ! 0, compared to the term shown. The constants Qb are the uxes of
the YM gauge eld components ab at the AdS2 boundary: with ? the Hodge star of AdS2,
lim
z!0
?f b = lim
z!0
p g gzz gttf bzt = Qb: (4.1)
The uxes Qb determine the expectation values of the conserved U(2) charges Rb. If our
model was top-down, then in principle we could derive an exact relation between Qb and Rb.
However, in our bottom-up model, we can only assume that the relation between the two
is monotonic, and that if Qb = 0 then Rb = 0. As discussed below eq. (2.11), two identical
impurity spins, each in a totally anti-symmetric representation with q boxes, must obey the
constraints R0 = q and R3 = 0. To describe two identical impurity spins in our holographic
model, we will therefore consider various values of Q0, but will always take Q3 = 0. Cru-
cially, our choice K = 1 then guarantees, based on SU(N) representation theory arguments
and Pauli exclusion alone, that overscreening cannot occur in our model [29].
Although the leading solution Qa=z diverges as z ! 0, we show in the appendix that
it is nevertheless normalizable, according to the criteria of refs. [104, 105]. More generally,
in the appendix we determine the allowed boundary conditions for a massless or massive
gauge eld in AdSd+1 with d  1. For the AdS2 case, d = 1, we nd that Dirichlet,
Neumann, and \mixed" (also called Robin) boundary conditions are all allowed.
However, the divergence of Qa=z can aect the asymptotic behavior of other elds
coupled to the YM gauge eld, including in particular charged matter, such as our .
In 's equation of motion eq. (3.10), the coupling to the YM gauge eld asymptotically
approaches a constant, limz!0 gttabtact =  QbQc, which is the same order in z as the mass-
squared, M2. The YM gauge eld thus eectively shifts 's mass-squared matrix from
M2 times the U(2) identity matrix to M2   QbQc b c. The powers of z that appear in
's asymptotic expansion will thus be determined not by M2, but by M2   QbQc b c.
Those powers determine the dimension of 's dual operator O at the UV xed point. As a
result, xing M2 and changing the Qb will change O's UV dimension, and thus change the
UV xed point. This does not happen in the original two-impurity Kondo model, where
O's UV dimension is always the free-eld value, 1=2, regardless of the choice of Rb (or
equivalently of UV). In other words, this is a special feature of the holographic model,
which by process of elimination must be due to the additional, strongly-interacting degrees
of freedom we introduced. The same eect appeared in the holographic single-impurity
Kondo model of ref. [77] and the holographic Bose-Hubbard model of ref. [103].
However, a well-dened theory in asymptotically AdS spacetime requires a well-dened
boundary value problem, with boundary conditions imposed on a conformally-equivalent
class of asymptotic solutions. In other words, in order to obtain a sensible variational prob-
lem, we must x the asymptotics of all elds. We will therefore take an unusual step: when
Qb changes, we will change M2, that is, we will change the Lagrangian of our theory in AdS,
in order to maintain 's asymptotics. Specically, we will demand that O always has dimen-
sion 1=2 in the UV, so that the Kondo couplings in our model are always classically marginal
in the UV. We will thus be comparing UV xed points with various values of the Qb (though
{ 21 {
J
H
E
P
0
1
(
2
0
1
6
)
1
0
3
always with Q3 = 0, as explained above), but otherwise identical. Something similar was
done in the holographic single-impurity Kondo model of ref. [77], although how we maintain
's asymptotics as the Qa change will be very dierent from the single-impurity case, due
to crucial dierences in boundary conditions, as we will discuss in the rest of this section.
We x 's asymptotics as follows. We diagonalize 's mass matrix,
M2  QbQc b c = S
 
M2 
M2+
!
Sy; (4.2)
using the unitary matrix
S = 1p
2
 
sgn(Q0) Q
1 iQ2p
(Q1)2+(Q2)2
 sgn(Q0) Q1 iQ2p
(Q1)2+(Q2)2
1 1
!
; (4.3)
and eigenvalues
M2 = M
2   1
4
Q0p(Q1)2 + (Q2)22 : (4.4)
The modes with these values of mass-squared are the components   and + of S 1 
( ; +)T. As a result, the powers of z in  's asymptotic expansion are determined by
M , and similarly for + and M+.
Our Kondo interactions are of the form OyIOI and OyIIOII, where OI and OII are dual
to I and II, the components of  = (I;II)
T. To obtain classically marginal Kondo
couplings at the UV xed point, we want both OI and OII to have dimension 1=2, as
mentioned above. That requires I and II to have asymptotic powers of z identical to
those of a scalar eld that saturates the Breitenlohner-Freedman (BF) bound, which in
AdS2 means leading asymptotic terms
p
z and
p
z ln(z).
The components I and II are linear combinations of   and +, so each of I and
II has an asymptotic expansion with powers of z determined by both M  and M+. We
guarantee that I and II each has the asymptotics of a scalar at the BF bound as follows.
First, we set M2  to the AdS2 BF bound, M2  =  1=4, which via eq. (4.4) xes M2 in
terms of Q0, Q1, and Q2. Second, we choose an ansatz in which + vanishes identically.
In that way, I and II each has the asymptotics of a scalar at the BF bound, determined
entirely by  , without \contamination" from +. (We do not set M2+ =  1=4, because
then M2  would violate the BF bound, producing an instability.)
Setting + = 0 is consistent if and only if + is not sourced by other elds, i.e. the
couplings to other elds vanish from +'s equation of motion, namely eq. (3.10) multiplied
by S 1. That leads to three constraints. The rst constraint is that a3t = 0, which is indeed
a solution of a3t 's equation of motion, eq. (3.9) with b = 3, when + = 0. Moreover, a
3
t = 0
implies Q3 = 0, which is required to describe two identical impurities, as explained above.
The second constraint is that a1t =
Q1
Q2
a2t . However, a
2
t 's equation of motion, eq. (3.9)
with b = 2, implies that Q
1
Q2
a2t satises a
1
t 's equation of motion, eq. (3.9) with b = 1, if
and only if Q1 = Q2. We therefore take Q1 = Q2 and a1t = a
2
t . The third constraint is
Re  / Im , which comes from the U(2) constraint in eq. (3.8). Eqs. (3.9) and (3.10)
then imply Re  = Im . We will choose Re  = Im , and dene
  Re  = Im : (4.5)
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In summary, in addition to our choices of section 3 (radial gauge and static elds), our
ansatz includes
S 1  
 
1 + i
0
!
; a3t = 0; a
1
t = a
2
t : (4.6)
Clearly a non-trivial solution for  picks a direction in U(2), breaking U(2) down to a single
U(1) generated by 0   3. We will discuss the symmetry breaking pattern in our model
in more detail in section 5.
For the ansatz in eq. (4.6), a straightforward exercise shows that
 = jIj = jIIj; (4.7)
and therefore our two Kondo couplings will be equal, I = II = K, and the strengths of
the Kondo screening clouds will be equal, hjOIji = hjOIIji, as desired.
Additionally, with the ansatz in eq. (4.6), the equations of motion simplify dramatically.
For convenience, we will dene a rescaled a1t ,
At 
p
2 sgn(Q0Q1) a1t ; (4.8)
which is holographically dual to
R 
p
2 sgn(Q0Q1)R1; (4.9)
and which has an asymptotic expansion
At = Q
z
+ + : : : ; Q 
p
2 sgn(Q0Q1)Q1;  
p
2 sgn(Q0Q1)1; (4.10)
where : : : represents terms sub-leading in z as z ! 0, compared to the terms shown. We
then dene
At 
1
2
(a0t At); (4.11)
which are holographically dual to
R  1
2
 
R0 R ; (4.12)
and which have the asymptotic expansions
At =
Q
z
+  + : : : ; Q = 1
2
(Q0 Q); (4.13)
where again : : : represents terms sub-leading in z as z ! 0, compared to the terms shown.
Inserting Q+ into eq. (4.4) we nd that our choice M2  =  1=4 implies M2 =  1=4+(Q+)2.
The equations of motion, eqs. (3.9) and (3.10), then reduce to
@z
 p g gzzgtt@zA t  = 0; (4.14a)
@z
 p g gzzgtt@zA+t  = p g gtt2A+t 2; (4.14b)
@z
 p g gzz@z p g  M2 + gtt(A+t )2 = 0: (4.14c)
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Clearly A t decouples from A+t and , and in fact A t 's equation of motion, eq. (4.14a),
is trivial to solve: A t = Q =z +  . On the other hand, A+t and  remain coupled, and
we have been able to solve their equations of motion, eqs. (4.14b) and (4.14c) respectively,
only numerically, as we will discuss in section 5.
Eqs. (4.14b) and (4.14c) are actually identical in form to the equations of motion in
the holographic single-impurity Kondo model of ref. [77], but where ref. [77] had a0t and
 we have A+t and . However, in the following subsection we will see that the boundary
conditions on A+t and  in our holographic two-impurity Kondo model are very dierent
from those in ref. [77], and furthermore the boundary conditions will eectively couple A t
to A+t and .
4.1 Asymptotic expansions and boundary counterterms
In the most general terms, holographic renormalization [91, 92] can be understood as
the process of rendering the variational problem on certain non-compact manifolds well-
posed [93, 94]. This process has two essential ingredients. First, the variational problem
must be dened within the space of general asymptotic solutions of the equations of motion.
Second, boundary terms must be added to the action to ensure that the variational problem
within the class of asymptotic solutions is well-posed.
In this subsection we obtain the general static asymptotic solutions of the equations of
motion, eqs. (4.14), and determine the boundary terms that render the Dirichlet variational
problem for the action in eq. (3.3c) well-posed. These boundary terms are commonly re-
ferred to as \counterterms," because in holography we identify the bulk on-shell action with
the generating functional of connected correlation functions, and the boundary terms cancel
the near-boundary divergences of the on-shell action, which map to UV divergences of the
generating functional. Having determined the boundary counterterms, we can also intro-
duce additional, nite, boundary terms to change the boundary conditions from Dirichlet
to Neumann or to \mixed" (also called Robin). We will address nite boundary terms
explicitly in the following subsection, where we will relate mixed boundary conditions to
the double-trace Kondo and RKKY couplings.
The \holographic dictionary" is the map between integration constants parameterizing
the asymptotic solutions in the bulk and observables in the dual eld theory. To express the
holographic dictionary in the simplest possible terms, we must partially gauge-x the bulk
diemorphisms, and any other gauge symmetries, by imposing what is commonly called
Feerman-Graham gauge [91, 92, 106]. Such a gauge amounts to picking a radial coordinate
r such that grt = 0, while grr can be any function of r, provided that function remains
the same for all solutions of the equations of motion. In particular, since h(z) in eq. (3.2)
depends on the BTZ black hole temperature, z is not a Feerman-Graham coordinate. In
the rest of this section, we will therefore switch to a canonical radial coordinate, r, such
that the induced metric on the AdS2 defect takes the form
gmndx
mdxn = dr2 + (r)dt2; (4.15)
where the AdS2 boundary is now at r !1, in which limit (r) diverges as  e2r. Explicitly,
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the radial coordinate r is related to the coordinate z in eq. (3.2) as
r = ln
0@1 +
q
1  z2=z2H
2z
1A ; (4.16)
which implies, in the near-boundary region, z ! 0,
r =   ln(z)  z
2
4z2H
+O(z4=z4H): (4.17)
We use the coordinate r only in this section. In all other sections, we use the coordinate
z. For the gauge elds Am we will choose radial gauge in Feerman-Graham coordinates,
Ar = 0. Via eq. (4.16), Ar / Az , so our gauge choice is equivalent to that of section 3,
namely radial gauge in the z coordinate, Az = 0.
In the Feerman-Graham gauge of eq. (4.15) the equations of motion (4.14a), (4.14b)
and (4.14c) become, with a dot denoting @r (for example _At  @rAt ),
A t +
1
2
 1 _ _A t = 0; (4.18a)
A+t +
1
2
 1 _ _A+t   22A+t = 0; (4.18b)
  1
2
 1 _ _   1(A+t )2 M2 = 0: (4.18c)
The general asymptotic solutions of these equations are, for our choice M2 =  1=4+(Q+)2,
A t = erQ  +   + : : : ; (4.19a)
A+t = erQ+   2Q+

1
3
2r3 + (2   )r2 + (22   2 + 2)r

+ + + : : : ; (4.19b)
 = e r=2 (  r + ) + : : : ; (4.19c)
where , , Q , and  are integration constants, and : : : represents terms sub-leading
in r as r ! 1, compared to the terms shown. As mentioned above, although Q+ is an
integration constant of the A+t equation of motion, Q+ also determines the asymptotic
behavior of the scalar eld . The asymptotic expansions in eq. (4.19) are for M2 =
 1=4 + (Q+)2 only, which we chose so that  would have the same asymptotic expansion
as a free scalar eld in AdS2 whose mass saturates the BF bound, and is thus dual to an
operator of dimension 1=2.
Our choice of M2 is actually dramatically dierent from that in the holographic single-
impurity Kondo model of ref. [77]. In the model of ref. [77], M2 =  1=4 + (Q0)2, where Q0
was held xed in a0t 's variational principle. In other words, Q
0 was an input. In contrast,
in our model M2 =  1=4 + (Q+)2, where Q+ will be an output : in principle, we should
again x Q0, which xes the impurities' representation, and then solve the equations of
motion and extract Q+ from the solution for A+t . In other words, M2, and hence 's
equation of motion, will depend on the solutions of the equations of motion. Though
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that may sound unusual, allowing M2 to depend on the solutions maintains the form of
's asymptotic expansion, as required for a well-posed variational problem | which is
fundamental to dene holography in the classical gravity limit. For a quantum gravity
theory in asymptotically locally AdS space, we must perform a path integral over all elds,
subject to xed asymptotic boundary conditions. In the classical limit, we must thus
x the asymptotics of all elds to obtain a well-posed variational problem. In our model,
guaranteeing a well-posed variational problem for  requires allowing M2 to depend on Q+.
We now proceed to determine the boundary counterterms for our model. These can be
determined systematically a number of ways, but we will adopt a Hamiltonian approach
where the radial coordinate r plays the role of Hamiltonian time [107{109]. In this ap-
proach, we obtain the counterterms by solving asymptotically the radial Hamilton-Jacobi
(HJ) equation, with the leading forms of the asymptotic expansions in eq. (4.19) as bound-
ary conditions.
We will write the AdS2 action in eq. (3.3c) in the Feerman-Graham gauge of eq. (4.15),
dropping time derivatives, and using the ansatz in eq. (4.6). We will also introduce a cut-o
by integrating not to r !1 but up to some large but nite r, producing a regulated action,
Sreg 2N
Z r
dr0dt
p 

1
2
 1

( _A+t )2+( _A t )2

+ _2 +  1(A+t )22+M22

; (4.20)
which is the starting point of the radial Hamiltonian analysis for systematically deriving
the boundary counterterms directly in covariant form. We will also dene a corresponding
Lagrangian via Sreg(r) 
R r
dr0 Lreg.
For the radial Hamiltonian analysis we will need the canonical momenta,
tAt
 @Lreg
@ _At
=  2Np  1 _At ;  
@Lreg
@ _
=  2Np  2 _; (4.21)
which can also be expressed as derivatives of the on-shell Sreg with respect to the induced
elds at the cut-o surface,
tAt
=
Sreg
At
;  =
Sreg

: (4.22)
Legendre-transforming Lreg using the canonical momenta in eq. (4.21), we obtain the
Hamiltonian, H, which is a functional of At , , tAt , and . Crucially, Sreg depends on
r through the induced metric  on the cut-o surface, which we treat as a non-dynamical
background eld. The radial HJ equation is thus
H+ @Sreg
@r
= 0: (4.23)
Our goal is to solve eq. (4.23) for Sreg. More specically, we are interested in determining
only the divergent part of Sreg, so in eq. (4.23) we can replace
@Sreg
@r with 2
@Sreg
@ using
the fact that  asymptotically approaches  e2r. With that replacement, and writing the
canonical momenta in terms of Sreg as in (4.22), eq. (4.23) becomes
  1
2N
Z
dt
1p 
 
1
2


Sreg
A+t
2
+
1
2


Sreg
A t
2
+
1
4

Sreg

2!
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+ 2N
Z
dt
p 

 12(A+t )2 +M22

+ 2
Sreg

= 0: (4.24)
We can simplify the HJ equation further: we switch from A+t and  to
u  1
2
 1(A+t )2; v  2; (4.25)
and then, because A+t and  are coupled to one another in the bulk while A t decouples,
we introduce a covariant ansatz for Sreg in which we separate u and v from A t ,
Sreg = 2N
Z
dt
p 

F (u; v)  u  1
2
 1(A t )2

: (4.26)
From the HJ equation, eq. (4.23), we then nd a rst order partial dierential equation for
F (u; v),
u (@uF )
2 + v (@vF )
2   F   2

M2
2
+ u

v = 0; (4.27)
which is independent of A t , indicating that our ansatz is self-consistent.
Crucially, a complete integral of the HJ equation eq. (4.23), rather than the most
general solution, suces to describe all possible solutions of the second order equations
of motion, eq. (4.18). A complete integral, in this case, corresponds to a solution of
eq. (4.23) that contains one integration constant for each of the induced elds At and
, plus one integration constant related to the radial coordinate, or equivalently to the
metric . However, all these integration constants enter only in the nite part of the
on-shell action [94]. To determine the divergent part of the on-shell action, therefore, we
can simply look for solutions of eq. (4.23) with xed values of the integration constants
that parameterize a complete integral. In fact, ignoring the integration constant associated
with the induced metric , namely the BTZ black hole temperature T , allowed us to go
from eq. (4.23) to eq. (4.24). Similarly, ignoring the integration constant associated with
A t allowed us to work within the ansatz in eq. (4.26). However, a complete integral of
eq. (4.24) still contains two integration constants, and so can be used to obtain a subclass
of exact solutions of the second order equations of motion, eq. (4.18), but at T = 0. Again,
given that we are only interested in determining the near-boundary (or UV) divergences, we
can consider special solutions of eq. (4.24) only, corresponding to the correct asymptotics.
In particular, as mentioned above, in order for 's asymptotic behavior to be well-
dened, Q+ must be related to M2 as M2 =  1=4 + (Q+)2, which implies that u satises
a (second class) constraint asymptotically as r !1,
2u+M2 +
1
4
= O  r3e r : (4.28)
The solution F (u; v) of eq. (4.27) takes the form of a Taylor-expansion in this con-
straint [110],
F (u; v) =
X
k0
fk(v)

u+
M2 + 1=4
2
k
; (4.29)
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so that our task now is to solve for the coecients fk(v). As in the class of holographic
eld theories with Lifshitz scaling symmetry discussed in ref. [110], relaxing the constraint
in eq. (4.28) corresponds to an irrelevant deformation of the theory, in the sense that such
a deviation from the constraint will modify the asymptotic behavior of the bulk elds, in
our case of . In such cases, while the k = 0 term in the Taylor expansion of eq. (4.29)
contributes to the near-boundary divergences of the on-shell action, we also need terms
of higher order in k to renormalize higher-point functions of the operator dual to A+t .
Specically, to renormalize a correlation function with k insertions of the operator dual to
A+t , we must keep all terms up to and including order k in the Taylor expansion of eq. (4.29).
In other words, deviating from M2 =  1=4+(Q+)2, for example by changing Q+ while
keepingM2 xed, changes 's asymptotics, and hence looks like an irrelevant deformation of
the dual UV CFT. Put dierently, A+t is dual to an operator that is \eectively" irrelevant.
Of course, A+t is not actually dual to an irrelevant operator: A+t is dual to a conserved
charge in (0+1) dimensions, whose dimension is protected by symmetry to be zero. Indeed,
in the original two-impurity Kondo model, the dimensions of operators do not change upon
changing Q+, i.e. the auxiliary charge does not act as an irrelevant operator. Holography
is telling us that the additional strongly-coupled degrees of freedom we added to obtain a
classical gravity dual leads to a conserved charge that mimics, in many ways, an irrelevant
operator. As a result, the holographic renormalization of our model is similar to, though
strictly speaking distinct from, that of a eld dual to an irrelevant operator.
In any case, in this paper we will only consider the free energy, which is related to
the renormalized on-shell action, and also one-point functions, and therefore we will only
need to determine f0(v) and f1(v). A calculation of two-point functions in the holographic
single-impurity Kondo model of ref. [77], which requires f2(v), will appear in ref. [111].
Inserting the Taylor expansion for F (u; v) in eq. (4.29) into eq. (4.27) leads to a set of
ordinary dierential equations for the fk(v), which could in principle be solved to obtain
f0(v) and f1(v). However, given that we have already determined the full asymptotic
expansions in eq. (4.19), we can determine f0(v) and f1(v) by integrating the rst order
\ow equations," obtained by equating the two alternative expressions for the canonical
momenta, eq. (4.21) and eq. (4.22). For our ansatz in eq. (4.26) the ow equations give us
_ =  @vF; _A+t = (1  @uF )A+t : (4.30)
Plugging the Taylor expansion of F (u; v) from eq. (4.29) into eq. (4.30), and retaining only
the leading term, gives
_   f 00(v); _A+t  (1  f1(v))A+t : (4.31)
Plugging the asymptotic expansions in eq. (4.19) into eq. (4.31) and integrating gives
f0(v) = v

1
2
+
1
ln v
+O

ln(  ln v)
(ln v)2

; (4.32a)
f1(v) =
2
3
v ln v

1  2 ln(  ln v)
ln v
+O

1
ln v

: (4.32b)
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In principle, the results in eq. (4.32) are sucient to capture the near-boundary diver-
gences of both the regularized action and the regularized one-point functions, in covariant
form, and hence are sucient to determine the boundary counterterms that we need. How-
ever, the f0(k) and f1(k) in eq. (4.32) involve factors of ln, that is, certain divergences
involve expressions non-analytic in . Given that for Dirichlet boundary conditions  is the
covariant source of the dual scalar operator OI = OII, such non-analyticity would imply
a certain kind of non-locality in the dual eld theory. We thus face a choice: preserve
either covariance or locality, but not both simultaneously. In other words, our system has
an anomaly. In such cases, following the usual course of action in eld theory, we demand
locality at the expense of partially breaking covariance, by allowing explicit cut-o depen-
dence in the counterterms [112, 113]. The resulting cut-o dependence indeed gives rise to
a conformal anomaly in the dual eld theory [114]. In the present case, demanding locality
leads to a boundary counterterm action, Sct, that depends explicitly on the cut-o, r,
Sct =  2N
Z
dt
p 

2

1
2
  1
r

  1
2
 1(A+t )2  
1
2
 1(A t )2
 2
3
2

r   


1
2
 1
 A+2 + M2 + 1=4
2

: (4.33)
Explicit cut-o dependence in counterterms is actually a standard result for scalars
saturating the BF bound [112, 113], such as our . However, explicit cut-o dependence
also appears in the counterterms in the second line of eq. (4.33), although those coun-
terterms do not contribute to the near-boundary divergences of the action, and so do
not modify the conformal anomaly of the dual theory. Those counterterms also explicitly
depend on the ratio = of 's asymptotic coecients. We will shortly show, via the
boundary conditions we are going to impose on , that = is proportional to the Kondo
coupling in our model, and so this counterterm is well-dened. More generally, in the
presence of elds dual to irrelevant operators, counterterms typically depend explicitly on
the renormalized canonical momenta, and are well-dened for boundary conditions dual
to multi-trace couplings, as rst observed in refs. [95, 96].
Given the regulated action Sreg in eq. (4.20) and the counterterm action Sct in eq (4.33),
we can now dene the renormalized action,
Sren  lim
r!1 (Sreg + Sct) : (4.34)
4.2 One-point functions for Dirichlet boundary conditions
Our next task is to determine the nite counterterms required to enforce mixed boundary
conditions on the bulk elds, and hence implement the Kondo and RKKY couplings in
the dual eld theory, as mentioned above. As a necessary rst step, we must determine
the form of renormalized one-point functions for Dirichlet boundary conditions. We thus
dene \subtracted" canonical momenta as
tAt

sub
 
At
[Sreg + Sct] ; ()sub 


[Sreg + Sct] ; (4.35)
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where the derivatives in eq. (4.35) must be evaluated at the radial cut-o. To remove the
cut-o we need to extract the leading asymptotic behavior of the elds from eqs. (4.15)
and (4.19), and dene the renormalized one-point functions btAt and b as the nite limits
btA t  limr!1

e2rp 

tA t

sub

=  2N ; (4.36a)
btA+t  limr!1

e2rp 

tA+t

sub

=  2N+   4NQ+

22   2 + 2   1
3
3


; (4.36b)
b  lim
r!1
"
 e
r=2rp  ()sub
#
=  4N: (4.36c)
From the denitions of At in terms of a0t and At in eq. (4.11), we then nd
bta0 = 12(btA+t + btA t ) =  N0   2NQ+

22   2 + 2   1
3
3


; (4.37a)
btAt = 12(btA+t   btA t ) =  N  2NQ+

22   2 + 2   1
3
3


; (4.37b)
with  dened from At's asymptotics in eq. (4.10), and 0 = + +  .
4.3 Double-trace Kondo and RKKY couplings from boundary conditions
As discussed in section 2, introducing Abrikosov pseudo-fermions allows us to write the
Kondo and RKKY couplings as double-trace with respect to the SU(N) spin group. Such
a description is particularly useful in the large-N limit, since large-N factorization means
that the eect of multi-trace deformations takes a simple and generic form, independent of
the details of the CFT or the particular deformation [115], as we now review.
Consider a gauge theory (not necessarily with classical gravity dual) in d spacetime
dimensions, with Lagrangian L. In the N !1 limit, we normalize L to be O(N0). In the
gauge theory, let bO be a local, gauge-invariant, single-trace scalar operator of conformal
dimension , normalized such that h bOi is O(N0) as N ! 1. Moreover, let W [J ] be
the generating functional of connected correlation functions of bO, with source J , and let
 [] be the quantum eective action, with  = W=J the one-point function of bO, all
normalized to be O(N0) as N ! 1. Now suppose we deform L by a generic multi-trace
deformation, that is, by a polynomial f( bO) in bO,
L  ! L+ f( bO); (4.38)
where the degree of f( bO) is 2 [2; d=]. At leading order in the large-N limit, the eect
of such a multi-trace deformation takes a simple, universal form, namely the multi-trace
deformation amounts to the following transformation [115]:
J  ! Jf  J   f 0(); (4.39a)
  ! f  ; (4.39b)
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 []  !  f [f ]   [] +
Z
ddxf(); (4.39c)
W [J ]  ! Wf [Jf ] W [J ] +
Z
ddx (f()  f 0())
=W=J
: (4.39d)
Once the deformation polynomial f( bO) is specied, eq. (4.39) allows us to determine
straightforwardly the nite boundary terms that must be added to the renormalized action
to implement the multi-trace deformation holographically. Those nite boundary terms
then determine the boundary conditions that must be imposed on the bulk elds. Our task
is to determine the nite boundary terms for our double-trace Kondo and RKKY couplings.
As discussed in subsection 2.1, Abrikosov pseudo-fermions allow us to write a Kondo
interaction as a double-trace deformation of the Hamiltonian of the form in eq. (2.6).
For two impurities with equal Kondo couplings of strength K, the Kondo double-trace
deformation of the Hamiltonian takes the form
HK =  1
2
NK
 
OyIOI
N2
+
OyIIOII
N2
!
; (4.40)
where now we have normalized the scalar operators OI and OII to be O(N) as N ! 1.
We also kept NK xed as N !1, so that HK is O(N0) in the large-N limit, in contrast
to the Kondo Hamiltonian in eq. (2.2), which is O(N). Our ansatz in eq. (4.6) only allows
us to describe the subspace of the Hilbert space where OI = OII. Within that subspace,
the Kondo interaction in eq. (4.40) becomes
HK =  NK jOIj
2
N2
; (4.41)
which gives us the multi-trace polynomial for our Kondo interaction,
fK(jOIj2=N2) = NK jOIj
2
N2
; (4.42)
where the overall sign diers between eqs. (4.41) and (4.42) because f( bO) was dened as
a deformation of the Lagrangian, rather than the Hamiltonian.
To implement this multi-trace deformation holographically, we rst need to know the
holographic dictionary for jOIj in the theory without multi-trace deformation. A scalar
eld that saturates the BF bound is special because the mass falls in the window for
which both asymptotic solutions are normalizable [104], and is unique because Dirichlet
boundary conditions can be continuously deformed into mixed boundary conditions while
keeping the deformation marginally relevant [116]. With a Dirichlet boundary condition
the renormalized action is the generating functional of jOIj with source , and with hjOIji
given by the renormalized canonical momentum b in eq. (4.36),
hjOIji = b =  4N : (4.43)
Given the Kondo multi-trace polynomial fK(jOIj2=N2) in eq. (4.42) and the identi-
cations of one-point functions for Dirichlet boundary conditions in subsection 4.2, the
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transformation rules in eq. (4.39) instruct us to add to Sren the nite boundary term
SK =  N NK
Z
dt
b
N
2
; (4.44)
where the overall factor of N keeps the bulk action O(N) in the large-N limit. If we dene
an O(N0) \holographic Kondo coupling,"
   8NK; (4.45)
then using eq. (4.43) we can write SK in eq. (4.44) as
SK = 2N
Z
dt 2: (4.46)
Moreover, eq. (4.39) indicates that although hjOIji =  4N is unchanged by the multi-
trace deformation, the source conjugate to jOIj changes as
  !   2NK b
N
=   : (4.47)
Indeed, we can verify eq. (4.47) explicitly: a variation of the generating functional in the
deformed theory gives
 (Sren + SK) =
Z
dt ( 4N)  (  ) ; (4.48)
indicating that hjOIji =  4N  remains unchanged, while (   ) is now the source
for jOIj, as advertised. As a result, states in the theory that include the double-trace
Kondo coupling will be described by bulk solutions for  satisfying the boundary condition
 = . In the space of such solutions, the ratio = that appears in the counterterms of
eq. (4.33) is equal to 1=, which is kept xed, hence the counterterms are well-dened, as
mentioned above.
In summary, to implement the double-trace Kondo coupling in our holographic model,
we must add to Sren the nite boundary term SK in eq. (4.44), where the coecient  is
related to the Kondo coupling constant K via eq. (4.45), and which requires us to impose
the mixed boundary condition on  that  = = is xed. With that boundary condition,
hjOIji =  4N, as in eq. (4.43).1
1In the holographic single-impurity Kondo model of ref. [77], the nite boundary term involving the
scalar eld was dierent from our SK in eq. (4.46): the nite boundary term in ref. [77] had the same form
as SK in eq. (4.46), but with  !  and  ! 1=. In that case, the linear combination of  and  held
xed in the variational principle would not be  . Nevetheless,   was held xed in ref. [77]. Those
two wrongs made a right, in the following sense: the nite boundary term in ref. [77], when evaluated on
 = , actually agrees with our SK, so the solutions for the scalar and the value of the on-shell action
of ref. [77] actually agree with those obtained using our SK. Similarly, the one-point function identied as
hOi / N in ref. [77] agrees with our eq. (4.43) when evaluated on  = . In other words, our results
ultimately agree with those of ref. [77] where they overlap, despite the dierence in nite boundary terms.
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As discussed in subsection 2.2, Abrikosov pseudo-fermions also allow us to write
the RKKY interaction as a double-trace deformation of the Hamiltonian, of the form in
eq. (2.11), which after dropping some unimportant constants becomes
HRKKY =  1
2
NRKKY
 
R1
N
2
+

R2
N
2!
; (4.49)
where we chose to normalize the operators R1 and R2 to be O(N) as N !1. We also kept
NRKKY xed as N ! 1, so that HRKKY is O(N0) in the large-N limit, in contrast to
the RKKY interaction in eq. (2.11), which is O(N). Our ansatz in eq. (4.6) only allows us
to describe the subspace of the Hilbert space where R1 = R2. Recalling from the denition
of At in eq. (4.8) that
R =
p
2 sgn(Q0Q1)R1 =
p
2 sgn(Q0Q2)R2; (4.50)
in our case the RKKY interaction in eq. (4.49) becomes
HRKKY =  1
2
NRKKY
R
N
2
: (4.51)
We thus identify the multi-trace polynomial for our RKKY interaction as
fRKKY(R=N) = 1
2
NRKKY
R
N
2
: (4.52)
To implement this multi-trace deformation holographically, we rst need to know the
holographic dictionary for R in the theory without multi-trace deformation. The charge
R has conformal dimension zero, and hence hRi must be determined by Q, the coecient
of the leading term in At's asymptotics. The undeformed theory thus corresponds to a
Neumann boundary condition for At, which for a gauge eld in AdS2 is normalizable,
as we show in the appendix. The generating functional is thus given by the Legendre
transform of Sren + SK,
bS = N Z dtQ btAt
N
!
  (Sren + SK); (4.53)
with variation
 bS = Z dtN Q btAt
N
+
Z
dt 4N  (  ) : (4.54)
Using eq. (4.37b) for btAt , we thus identify the source J and one-point function of R as,
respectively,
J = btAt
N
=    2Q+

22   2 + 2   1
3
3


; (4.55a)
hRi = N Q: (4.55b)
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Given the RKKY multi-trace polynomial fRKKY(R=N) in eq. (4.52) and the identi-
cations of one-point functions for Neumann boundary conditions, the transformation rules
in eq. (4.39) instruct us to add to bS the nite boundary term
SRKKY =  N
Z
dt
1
2
NRKKYQ2: (4.56)
If we dene an O(N0) \holographic RKKY coupling,"
  NRKKY; (4.57)
then eq. (4.39) indicates that hRi = N Q is unchanged by the multi-trace deformation,
while the source conjugate to R changes as
J  ! J =
btAt
N
  Q: (4.58)
We can verify eq. (4.58) explicitly: a variation of the generating functional with respect to
At in the deformed theory gives

bS + SRKKY = Z dtN Q  btAt
N
  Q
!
+
Z
dt 4N  (  ) ; (4.59)
indicating that hRi = N Q remains unchanged, while J is now the source for R, as
advertised. As a result, states in the theory that include the double-trace RKKY coupling
will be described by bulk solutions for R satisfying the boundary condition J =
btAt
N  
Q = 0, that is, solutions with a xed value of
 =   1Q

+ 2Q+

22   2 + 2   1
3
3


: (4.60)
In summary, to implement the double-trace RKKY coupling in our holographic model,
we must add to the Legendre-transformed, renormalized action bS of eq. (4.53) the nite
boundary term SRKKY in eq. (4.56), which requires us to impose the mixed boundary
condition on At that btAtN   Q = 0, with btAtN in eq. (4.55a), which means holding xed
our holographic RKKY coupling  in eq. (4.60). With that boundary condition, hRi =
NQ, as in eq. (4.55b). These identications are the main results of this section. To
our knowledge, they provide the rst explicit identication of an RKKY coupling in any
holographic system.
We have thus determined the boundary conditions on  and At that implement the
double-trace Kondo and RKKY couplings in our holographic model. The third eld in
our ansatz is a0t , for which we x the coecient of the leading term in a
0
t 's asymptotics,
Q0, which in the dual eld theory xes the representation of the impurities, as mentioned
below eq. (4.1). However, in the equations of motion, eq. (4.14), the gauge elds dened in
eq. (4.11), At  12(a0t At), are more convenient, because A t decouples from A+t and ,
which then have equations of motion identical in form to those of the holographic single-
impurity Kondo model of ref. [77]. Crucially, however, the equations of motion ref. [77]
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had a0t in place of A+t . Our model thus has very dierent boundary conditions from those
of ref. [77]: where ref. [77] had only a0t and , and held xed Q
0 and  = =, we have A t ,
A+t , and , and hold xed  in eq. (4.60), Q0, and  = =. In particular, the boundary
condition on At, i.e. xing  as in eq. (4.60), involves not only , , and Q+, but also Q ,
through Q = Q+ Q , and so eectively couples all of A t , A+t and , as mentioned below
eq. (4.14). We will thus nd dierent physics from that of ref. [77] in section 5.
4.4 RG transformations
In this subsection we will check that the Kondo and RKKY couplings identied in the
previous subsection behave correctly under RG transformations. Specically, we will check
that under an RG transformation the holographic Kondo coupling  in eq. (4.45) is ei-
ther marginally relevant (AFM,  < 0) or marginally irrelevant (FM,  > 0), while the
holographic RKKY coupling  in eq. (4.57) has scaling dimension one. We will also pre-
cisely dene the Kondo temperature, TK, from the RG running of a marginally relevant
holographic Kondo coupling.
In holography, RG transformations can be thought of as Weyl transformations on the
boundary, which can be implemented in the bulk by so-called Penrose-Brown-Henneaux
(PBH) dieomorphisms [117, 118]. For asymptotic solutions that are independent of co-
ordinates in eld theory directions, in our case meaning the time coordinate, t, PBH
dieomorphisms reduce to translations of the radial coordinate:
r  ! r + ln(L); (4.61)
where L is an arbitrary renormalization length scale. The argument of the logarithm in
eq. (4.61) is made dimensionless by a factor of the AdS3 radius, which we have set to
unity. Such a PBH dieomorphism changes the induced asymptotic metric:  e2rdt2 !
 e2rL 2dt2. Sending L! 0 thus amounts to \zooming in" on the UV of the eld theory,
while sending L!1 amounts to \zooming out" to the IR.
By performing the PBH dieomorphism in eq. (4.61), we can derive the RG transfor-
mations of the asymptotic coecients of the scalar and gauge eld, and hence derive the
RG transformations of our holographic Kondo and RKKY couplings. A scalar eld such
as our (r) is by denition invariant under any dieomorphism. Invariance of (r) under
the PBH dieomorphism in eq. (4.61) implies
! L1=2;  ! L1=2 ( +  ln(L)) : (4.62)
In radial gauge, At are also invariant under the PBH dieomorphism in eq. (4.61), hence
Q+ ! L 1Q+; (4.63a)
+ ! + + 2
3
Q+  (ln(L))2   3 ln(L) + 62   3(2  ln(L)) + 32 ln(L); (4.63b)
Q  ! L 1Q ; (4.63c)
  !  : (4.63d)
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Using the identications of our holographic Kondo and RKKY couplings from the previous
subsection,  = = and  in eq. (4.60), the transformations in eqs. (4.62) and (4.63)
immediately give us the RG transformations
 =


 ! (L)  
1 +  ln(L)
; (4.64a)
 =
   2Q+

22   2 + 2   13 
3


Q  ! L: (4.64b)
Although  and  have inhomogeneous RG transformations, our holographic RKKY cou-
pling  has a homogeneous RG transformation, thanks to the counterterms in eq. (4.33)
that renormalize At's canonical momentum tAt to the expression in eq. (4.37b). Eq. (4.64a)
thus shows that  is marginally relevant or irrelevant if in the UV  < 0 (AFM Kondo
coupling) or  > 0 (FM Kondo coupling), respectively,2 while eq. (4.64b) shows that  is
a relevant coupling of dimension one, as expected. Indeed, 's holographic beta function
is  =  L@L(L) = 2(L), which is exact, i.e. valid to all orders in , thanks to the
large-N limit [116]. The beta function  also shows that an AFM Kondo coupling is
asymptotically free, and diverges in the IR at a dynamically-generated scale, which allows
us to dene the Kondo temperature, TK, as follows. Fixing the value of  at a xed but
arbitrary length scale L0, from eq. (4.64a) we nd
(L) =
(L0)
1 + (L0) ln(L=L0)
: (4.66)
Clearly (L) diverges (the denominator in eq. (4.66) vanishes) at the length scale
L0e 1=(L0), which is a physical quantity, being invariant under re-scalings of L0 by virtue
of 's transformation in eq. (4.64a). We then dene the Kondo temperature as
TK  1
2
1
L0
e1=(L
0); (4.67)
where the factor of 1=(2) will be convenient in section 5.
5 The phase diagram
In this section we determine the phase diagram of our holographic two-impurity Kondo
model in the plane of =(2TK) versus T=TK, with our holographic RKKY coupling 
dened in eq. (4.57) and the Kondo temperature TK dened in eq. (4.67). To do so, we will
solve the equations of motion for At and , eqs. (4.14b) and (4.14c) respectively (using
the holographic radial coordinate z of eq. (3.1), not the coordinate r of eq. (4.15)), subject
to the boundary conditions discussed in subsection 4.3.
2In contrast, if we had started with a Neumann boundary condition for  instead of Dirichlet, then 's
RG transformation would be
  ! 1 +  ln(L)

; (4.65)
which is always marginally relevant, since  grows in the IR, L!1, for both  < 0 and  > 0 in the UV.
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We know one exact solution, which exists for all values of Q0, =(2TK), and T=TK,
and obeys our boundary conditions, namely the trivial solution, a0t = A+t +A t = Q0=z+0,
with (z) = 0 and At(z) = A+t (z)   A t (z) = 0. The trivial solution is dual to a trivial
state, with hjOIji = hjOIIji = 0 and hR1i = hR2i = 0, where via eq. (2.11) the latter
implies hSAI SAIIi = 0, so the two impurity spins are neither Kondo screened nor correlated
with one another. To describe non-trivial states, with non-zero hjOIji = hjOIIji and/or
non-zero hR1i = hR2i, we must construct non-trivial solutions for a0t , At, and . Moreover,
to determine whether a non-trivial state has lower free energy than the trivial state, and
hence is thermodynamically preferred, we must determine whether the non-trivial solutions
have smaller on-shell Euclidean action than the trivial solution.
To solve the equations of motion, we need boundary conditions. The equations of mo-
tion are second order, so we need two boundary conditions for each eld, a0t , At and . As
summarized at the end of subsection 4.3, xing the size of the impurities' representation and
the Kondo and RKKY couplings in the UV gives us three conditions at the AdS2 boundary.
We impose the remaining three conditions at the horizon, z = zH . First, we demand reg-
ularity of a0t as a one-form at the horizon, which requires a
0
t (zH) = 0. Second, we require
regularity of  at the horizon. In a near-horizon expansion of , the leading modes are
ln(z zH) and a constant. Regularity requires the coecient of the ln(z zH) term to vanish,
which in turn implies A+t (zH) = 0. That implies, via the denitions in eq. (4.11), A t (zH) =
0 and hence At(zH) = 0. We will impose these boundary conditions in all that follows.
In our model, an analysis of linearized uctuations about the trivial solution reveals
an instability, indicating that a phase transition must occur. In fact, a straightforward
exercise shows that the equation of motion for a uctuation of  about the trivial solution
is identical, to linear order in the uctuation, to that in the holographic single-impurity
Kondo model of ref. [77]. In ref. [77], an exact solution for that uctuation of , obeying
the boundary conditions described above, was found, and was shown to become unstable at
suciently low T : its amplitude grows rather than decays as a function of time, for any Q+,
including Q+ = 0, and for any non-zero value of our holographic Kondo coupling, . As a
result, in both the holographic single- and two-impurity Kondo models, a phase transition
must occur. However, the linearized analysis tells us neither the order of the transition
nor the transition temperature. Moreover, at linearized order the uctuations of the scalar
and the gauge eld do not couple, so the linearized analysis tells us nothing about how the
phase transition depends on =(2TK). To determine these, we will construct non-trivial
solutions and compare their on-shell Euclidean action to that of the trivial solution, as
described above.
As mentioned below eq. (4.14), we have only been able to construct non-trivial solutions
numerically. However, in subsection 5.1 we will constrain the properties of non-trivial
solutions as much as we can without numerics. We then resort to numerics in subsection 5.2,
where we discuss our main numerical results, including the phase diagram of our model.
5.1 Properties of non-trivial solutions
In the trivial solution,  = 0 and hence J0t = 0 in a
0
t 's equation of motion, eq. (3.9) with
b = 0. In that case, a0t 's equation of motion requires the ux of a
0
t to be constant in z.
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In other words, in the absence of charged sources, Gauss's law requires the ux to be a
constant, xed by the ux Q0 at the AdS2 boundary. Translating to the dual eld theory, in
the trivial state the impurities are unscreened, and in particular their representation in the
IR is the same as in the UV, IR = UV. On the other hand, a non-trivial solution has  6= 0
and J0t 6= 0, so a0t 's ux will change as z increases, as the charged matter eld  removes
ux. A decreasing ux corresponds to screening of the impurities, i.e. the dimension of
their representation is smaller in the IR than in the UV, dim(IR) < dim(UV). In short,
the ux of a0t can only change if  becomes non-trivial.
However, for our model we can prove that  = 0 if and only if a1t = a
2
t = 0, and con-
versely that  6= 0 if and only if a1t = a2t 6= 0, as follows. First suppose  = 0. In that case,
the equations of motion of all the gauge elds can be solved exactly, and in particular At =
Q=z+. The condition At(zH) = 0 implies  =  Q=zH . However, when  = 0 the bound-
ary condition for the RKKY coupling reduces to  =  Q. Clearly, in the generic case
 6= 1=zH , the only consistent solution has Q = 0 and  = 0, and hence At = 0. Eqs. (4.6)
and (4.8) then imply a1t = a
2
t = 0. Conversely, suppose  6= 0. In that case, the solution for
A+t is not Q+=z++, and so + 6=  Q+=zH . Using A t = A+t  At and A t = Q =z+ ,
with   =  Q =zH = (Q Q+)=zH , we nd (Q Q+)=zH = +   . As a result, + 6=
 Q+=zH implies  6=  Q=zH . That condition forbids At = 0, which has  = 0 and Q = 0,
and hence trivially has  =  Q=zH . We thus learn that  6= 0 implies At 6= 0, and vice
versa. We can also reverse the logic to infer that At = 0 implies  = 0, completing our proof.
Translating to the eld theory, we have learned that, for our model and within our
ansatz, if either of OI = OII or R1 = R2 has vanishing expectation value, then so does
the other, while if either acquires a non-zero expectation value, then so must the other.
In other words, the absence of Kondo screening is always accompanied by the absence of
correlations between the two impurity spins, and vice versa, while Kondo screening is always
accompanied by non-zero correlations between the two impurity spins, and vice versa.
Our model thus admits two possible phases, distinguished by their symmetries. The
RKKY interaction explicitly breaks the auxiliary U(2) down to U(1)0  U(1)3, where
U(1)0 and U(1)3 are generated by 0 and 3, respectively. The trivial solution preserves
U(1)0  U(1)3 and the Chern-Simons U(1), dual to the electromagnetic U(1), while a
non-trivial solution breaks U(1)0  U(1)3  U(1) to a subgroup. Specically, both  6= 0
and At 6= 0 break U(1)3 completely, and  6= 0 breaks U(1)0  U(1) to the diagonal.
In eld theory terms, the two possible phases in our system are the trivial phase, where
hjOIji = hjOIIji = 0 and hR1i = hR2i = 0, and so U(1)0  U(1)3  U(1) is preserved,
and the non-trivial phase, where hjOIji = hjOIIji 6= 0 and hR1i = hR2i 6= 0 spontaneously
break U(1)3 completely and break U(1)0 U(1) to the diagonal.
These two phases are also distinguished by their phase shifts. As in the holographic
single-impurity Kondo model of ref. [77], in our model the phase shift that accompanies
Kondo screening appears holographically as a non-zero Wilson line of the Chern-Simons
gauge eld in the x direction. Specically, if we compactify the x direction, then the phase
shift is / HxA. The equation for Ax, eq. (3.7b), clearly shows that if A+t = 0 and  = 0
then Ax = 0, while if A+t 6= 0 and  6= 0, then Ax 6= 0. Translating to the eld theory, we
nd that in the trivial state no phase shift occurs, while in the non-trivial state a phase
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shift occurs. In fact, in both the holographic single-impurity Kondo model of ref. [77] and
in our model, the Chern-Simons gauge eld's only role is to implement the phase shift.
The Chern-Simons gauge eld will play no further role in the remainder of this section.
We can constrain the possible phases in our model even further just using simple group
theory arguments, as follows. We have two impurity spins, each in a totally anti-symmetric
representation of SU(N), whose Young tableau consists of a single column with q boxes.
We take N ! 1 with q=N of order one. Furthermore, we compute only the leading
contributions to hjOIji = hjOIIji and hR1i = hR2i, which in the probe limit are order N ,
as shown in eqs. (4.43) and (4.55b). In these limits the spin-spin correlator is thus, via
eqs. (2.11) and (4.55b),
hSAI SAIIi =  
1
2
N2Q2 +O(N); (5.1)
where in the large-N counting, Q is order one. Eq. (5.1) shows that we will have access
only to the order N2 contribution of AFM spin-spin correlations, hSAI SAIIi < 0.
In fact we can show, using group theory alone, that at large N the leading contribution
to hSAI SAIIi in FM eigenstates is always order N , and in AFM eigenstates is order N2, and
that the vast majority of eigenstates are in fact AFM. To our knowledge, the following
results have never before appeared in the literature about the Kondo eect.
The tensor product of two identical anti-symmetric representations UV, each with a
Young tableau with q boxes, is
UV 
 UV =
pmaxX
p=0
p; (5.2)
where the irreducible representation p has a Young tableau with two columns, the rst
with (q + p) boxes and the second with (q   p) boxes, and where
pmax =
(
q; q  N=2
N   q; q > N=2:
(5.3)
For a given representation p, we can express hSAI SAIIi in terms of the quadratic Casimir of
that representation, C(p):
hSAI SAIIi

p
=
1
2
 
(SI + SII)
A(SI + SII)
A   SAI SAI   SAIISAII

p
=
1
2
C(p)  1
2
 
SAI S
A
I + S
A
IIS
A
II

p
: (5.4)
Using [119]
C(p) = N(N + 2)
q
N

1  q
N

  p(p+ 1); (5.5)
as well as, for any of the p,
hSAI SAI i =
1
2
(N + 1)yII
 
1  
y
II
N
!
=
1
2
N(N + 1)
q
N

1  q
N

; (5.6)
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and, for our identical impurity spins, SAI S
A
I = S
A
IIS
A
II , we nd
hSAI SAIIi

p
=
1
2
N
q
N

1  q
N

  1
2
p(p+ 1): (5.7)
Clearly, hSAI SAIIi

p
decreases monotonically as p increases. As a result, the FM ground
state, which maximizes hSAI SAIIi, has p = 0, while the AFM ground state, which minimizes
hSAI SAIIi, has p = pmax. In fact, in the large-N limit with q=N of order one, eq. (5.7) shows
that for any FM representation the leading contribution to hSAI SAIIi is order N . Moreover,
hSAI SAIIi > 0 only for p up to a critical value,
pcrit =
1
2
r
1 + 4N
q
N

1  q
N

  1

; (5.8)
which scales as
p
N when N ! 1 with q=N of order one. The total number of represen-
tations in eq. (5.2) scales as N as N ! 1 (pmax scales as N), so only a small fraction of
representations, of order
p
N=N = 1=
p
N , are FM. For an AFM ground state, using pmax
from eq. (5.3), we nd
hSAI SAIIi

pmax
=
(
 12N(N + 1)
  q
N
2
; q  N=2;
 12N(N + 1)
 
1  qN
2
; q > N=2;
(5.9)
which clearly scales as N2 as N ! 1 with q=N of order one. Moreover, inserting p =
P pmax with 0  P  1 into eq. (5.7) reveals that hSAI SAIIi < 0 and hSAI SAIIi scales linearly
in N when N ! 1 with q=N of order one only for the small fraction of eigenstates for
which P is order 1=
p
N . In other words, for the vast majority of AFM eigenstates, hSAI SAIIi
scales as N2 in the large-N limit with q=N of order one.
We have thus shown that, in the large-N limit with q=N order one, the leading contri-
bution to hSAI SAIIi is order N in FM eigenstates and order N2 in the vast majority of AFM
eigenstates, and that the latter vastly outnumber the former.
In our holographic model, we thus expect to nd non-trivial solutions only for AFM
RKKY coupling, =TK > 0, and only the trivial solution for FM RKKY coupling,
=TK < 0. In eld theory terms, we expect to nd Kondo screening, non-zero AFM spin-
spin correlations of order N2, and non-zero phase shift only for AFM RKKY coupling,
and no Kondo screening, no spin-spin correlations, and no phase shift for FM RKKY cou-
pling. More precisely, we will only be able to distinguish between superpositions of AFM
eigenstates with hSAI SAIIi 6= 0 of order N2, and uncorrelated spins, hSAI SAIIi = 0.
The appearance of non-trivial solutions for only one sign of a double-trace coupling is
in fact generic in large-N eld theory and in holography [104, 115, 116]. In the eld theory,
a Legendre transform of the generating functional produces the quantum eective action,
which is minimized by the ground state. Adding a double-trace coupling shifts the quantum
eective potential, and generically will change the ground state only for one sign of the
double-trace coupling constant, much the way a mass term added to a scalar eld theory
with quartic interaction will trigger scalar condensation only for negative mass-squared.
To translate to the dual gravity theory, recall that the eld theory generating functional is
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proportional to the gravity theory's on-shell action. The ground state is a regular solution
of the gravity theory's equations of motion, and the double-trace coupling appears as a
boundary term. Our eld theory intuition thus suggests that non-trivial solutions will
exist only for one sign of the double-trace coupling constant. Indeed, in the holographic
single-impurity Kondo model of ref. [77], non-trivial solutions appeared only for AFM
Kondo coupling, K =  =(8N) > 0, as expected. We expect the same in our model:
non-trivial solutions will exist only when both the Kondo and RKKY couplings are AFM.
To summarize, in our model and with our ansatz, we expect to nd only two classes of
solutions, dual to two distinct phases. The rst class are the trivial solutions, with , a1t =
a2t , and Ax simultaneously vanishing, dual to a phase with no Kondo screening, no spin-spin
correlations, and no phase shift. The second class are non-trivial solutions, which should
exist only with AFM Kondo and RKKY couplings, K =  =(8N) > 0 and RKKY=TK =
=(NTK) > 0, with , a
1
t = a
2
t , and Ax simultaneously non-vanishing, dual to a phase with
Kondo screening, AFM spin-spin correlations of order N2, and a non-zero phase shift. Our
numerical results of the following subsection will conrm these expectations.
Given all of the above, only one quantum phase transition is possible in our model,
namely a transition from the trivial phase to the non-trivial phase. Although our numerical
results will not extend down to exactly T = 0, we will nd highly suggestive evidence for
such a quantum phase transition in our model.
In contrast, as reviewed in subsection 2.2 the original large-N two-impurity Kondo
model of refs. [44, 48] exhibits a quantum phase transition as RKKY=TK increases from
 1 to +1, from a FM ground state, with Kondo screening and non-zero phase shift,
to an AFM ground state, with neither Kondo screening nor a phase shift. The quantum
phase transition was thus characterized by the phase shift: =2 in the FM ground state,
zero in the AFM ground state. However, in the original two-impurity Kondo model the
large-N limit is vector-like, which allows access to the order N FM spin-spin correlations.
Furthermore refs. [44, 48] focused exclusively on the very special case that the two impurity
spins were in totally anti-symmetric representations, each with a Young tableau of exactly
q = N=2 boxes. In that special case, in the AFM RKKY limit, RKKY=TK ! +1, the two
impurity spins lock into the anti-symmetric singlet of SU(N), and hence neither Kondo
screening nor a phase shift occurs. We instead employ a matrix-like large-N limit, and a
probe limit, so that we have access only to the order N2 contribution to hSAI SAIIi, and hence
only to AFM spin-spin correlations, as explained above. Moreover, our bottom-up model
is too crude to allow ne-tuning the impurity spin representation to the special case that
allows a singlet AFM ground state: generically, even with strong AFM RKKY coupling,
our ground state will not be a singlet, hence some Kondo screening and non-zero phase
shift will occur. In short, although our model and the original large-N two-impurity Kondo
model of refs. [44, 48] are dierent, no contradiction exists: each model captures the Kondo
and RKKY phenomena expected for its choice of parameters and in its respective limit.
5.2 Numerical results
We now turn to the numerical solution of the equations of motion for At and  in eq. (4.14),
and to the numerical evaluation of the on-shell Euclidean action for these solutions.
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We rst re-scale all dimensionful quantities by powers of zH = 1=(2T ), to obtain
dimensionless coordinates and dimensionless elds,
(z=zH ; t=zH)! (z; t); zHAt ! At ; ! : (5.10)
After these re-scalings, the AdS3 boundary is at z = 0 while the horizon is at z = 1.
The asymptotic expansions of A+t and  in eq. (4.19) involve powers of r, which asymp-
totically approaches   ln(z), as shown in eq. (4.17), so re-scaling z as in eq. (5.10) will shift
the values of the constant coecients appearing in those asymptotic expansions. Speci-
cally, after the re-scalings in eq. (5.10), the dimensionless  has an asymptotic expansion
 =
p
z (T ln(z) + T ) + : : : (5.11)
where : : : represents terms sub-leading in z as z ! 0, compared to the terms shown, and
where T and T are related to the original  and  in eq. (4.19) as
T  pzH ; T  pzH ( +  ln(zH)) : (5.12)
We then dene T  T =T , which is related to  = = as
T  T
T
=

1 +  ln(zH)
: (5.13)
Comparing eq. (5.13) to eq. (4.64a) or (4.66) reveals that T is (L) evaluated at the length
scale L = zH = 1=(2T ). Using our denition of TK in eq. (4.67), we can write T as a
function of T=TK,
T =
1
ln(TK=T )
; (5.14)
whose simple form justies the choice of the 1=(2) factor in eq. (4.67). The dimensionless
A+t has an asymptotic expansion
A+t =
Q+
z
+Q+
h
c
(3)
T (ln(z))
3 + c
(2)
T (ln(z))
2 + c
(1)
T ln(z)
i
+ +T + : : : ; (5.15a)
+T  zH+ +Q+
h
c
(3)
T (ln(zH))
3   c(2)T (ln(zH))2 + c(1)T ln(zH)
i
; (5.15b)
c
(3)
T 
2
3
2T ; c
(2)
T   22T + 2TT ; c(1)T  42T   4TT + 22T ; (5.15c)
where : : : represents terms sub-leading in z as z ! 0, compared to the terms shown. After
the re-scalings in eq. (5.10), the boundary condition  = ^tAt=(NQ) becomes

2T
=
1
2T
^tAt
NQ =  
1
Q

T + 2Q+

22T   2TT + 2T  
1
3
3T
T

; (5.16a)
T  +T   zH +: (5.16b)
As mentioned below eq. (4.14), A t decouples fromA+t and , and indeedA t 's equation
of motion, eq. (4.14a), is trivial, so we can solve for A t exactly: the solution obeying the
boundary condition A t (z = 1) = 0 is
A t = Q 

1
z
  1

: (5.17)
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The solution for A  is thus completely determined by Q .
As also mentioned below eq. (4.14), the equations of motion for A+t and , eqs. (4.14b)
and (4.14c) are in fact identical in form to those in the holographic single-impurity Kondo
model of ref. [77]. However, as discussed at the end of subsection 4.3, the boundary
conditions here are very dierent from those of ref. [77]: where ref. [77] had only a0t and ,
and held xed Q0 and  = =, we have A t , A+t , and , and hold xed  in eq. (4.60), Q0,
and  = =, which eectively couples all three elds. In practice, we obtain Q, Q, and
Q1 = Q2 by xing =(2T ), Q0, and T , solving for A+t and , and then extracting Q+ from
the solution, which gives us Q  = Q0 Q+ andQ = 2Q+ Q0, and from eq. (4.8), Q1 = Q2.
We have been able to obtain only numerical solutions for A+t and . In principle,
to obtain numerical solutions we could \shoot from the boundary," that is, we could dial
through values of =(2T ), Q0, and T , numerically integrating the equations of motion,
and retaining only those solutions satisfying the regularity conditions at the horizon,
namely that A+t (z = 1) = 0 and (z = 1) is nite. In practice, however, such shooting is
numerically costly: a generic numerical solution for  will not be regular, and in particular
will grow near the horizon due to the ln(z   1) term in 's near-horizon expansion,
mentioned above. Such behavior is in fact common for scalar elds in holography, and
indeed occurs in the holographic single-impurity Kondo model of ref. [77]. We will instead
shoot from the horizon, since then we can demand that the coecient of the ln(z   1)
term in 's near-horizon expansion vanishes from the start.
However, as mentioned in subsection 4.1, our model has a major dierence from the
holographic single-impurity Kondo model of ref. [77]. In the model of ref. [77], M2 =  1=4+
(Q0)2, where Q0 was xed from the start, that is, Q0 was an input for the calculation. In
contrast, in our model M2 =  1=4+(Q+)2, where Q+ will be an output of the calculation.
That poses a practical challenge in solving the equations of motion for A+t and . The
dierential operator in 's equation of motion depends on Q+, via M2 =  1=4 + (Q+)2, so
we cannot solve 's equation of motion until we know Q+, but we will not know Q+ until
we have solved the equations of motion.
We address that challenge using the following numerical procedure. First, we x
Q0, and then choose a target value for Q+. As explained above, we then know Q  and
Q, and hence via eqs. (4.9), (4.55b), and (5.1) we also know hR1i = hR2i and hSAI SAIIi.
Choosing Q+ also xes M2 =  1=4 + (Q+)2, so that 's equation of motion is xed.
We then demand that the coecient of the ln(z   1) term in 's near-horizon expansion
vanish and that A+t (z = 1) = 0. Two free parameters then remain at the horizon,
(z = 1)  H and @zA+t (z = 1). We x H and dial through @zA+t (z = 1) values, for
each value obtaining numerical solutions for A+t and , but retaining only those solutions
with the target value of Q+. We then extract T and T from the asymptotics of 's
numerical solution, which gives us T = T =T and hence, after translating from T
to  via eq. (5.12), hjOIji = hjOIIji =  4N. We also extract T from the solution
for At = A+t   A t , using eqs. (4.11), (5.15a), and (5.17), which gives us =(2T ) via
eq. (5.16a). Using T=TK = e
 1=T from eq. (5.14), we then also nd TTK

2T =

2TK
. We
thus obtain all the one-point functions for a given point (=(2TK); T=TK) in the phase
diagram. We then change H and repeat the process of dialing through @zA+t (z = 1)
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values to obtain the same target value of Q+, but now obtaining new values of T=TK and
=(2TK). In this way, we generate the phase diagram in the (=(2TK); T=TK) plane by
moving along curves of constant Q+, or equivalently of constant Q = 2Q+   Q0, which
via eqs. (4.9), (4.55b), and (5.1) mean curves of constant hR1i = hR2i and hSAI SAIIi.
We also numerically compute the renormalized free energy, F , of each non-trivial so-
lution. If we Wick-rotate to Euclidean signature and then compactify our dimensionless
Euclidean time direction into a circle of circumference 2, then F is T times the renormal-
ized Euclidean on-shell action. All of our solutions are static, so we can always trivially
perform the integration over the compact Euclidean time direction, producing an over-
all factor of 2. As a result, F is simply 2T times an integral over z in the Euclidean
on-shell action, which we performed numerically, plus the boundary terms described in
subsection 4.3. As in the holographic single-impurity Kondo model of ref. [77], in our
model the Chern-Simons gauge eld's contribution to F vanishes.
The trivial solution, a0t = Q
0(1z   1) with all other elds vanishing, obeys all of our
boundary conditions and exists everywhere in the (=(2TK); T=TK) plane. The trivial
solution has F =  (Q0)2=2. If we dene F as  (Q0)2=2 minus the value of F for a
non-trivial solution, then F > 0 means the non-trivial solution is thermodynamically
preferred over the trivial solution, and vice-versa for F < 0.
However, our numerical results were not always suciently accurate to determine the
sign of F . After a large number of iterations of our numerical shooting, the change in
our numerical results for T , T , and T between iterations stabilized to roughly 10
 7.
Assuming the iterations were converging to the actual values, we thus took 10 7 as the
uncertainty in our numerical results for T , T , and T . Numerically, we found that
obtaining =(2TK) of order one required Q+  10 3. These two bounds together imply
an uncertainty in our numerical results for =(2TK) of roughly 10
 4. The on-shell action
includes a boundary term / =(2TK), eq. (4.56), so our numerical results for F were
also accurate up to a threshold of only 10 4. In some cases, our numerical result for jFj
was less than 10 4, so that we could not determine the sign of F , and hence not conclude
whether the non-trivial solution was preferred over the trivial solution.
The equations of motion for A t , A+t , and  in eq. (4.14), and the bulk integral over z
in F , are invariant under three distinct Z2 symmetries, each of which reverses the overall
sign of one eld while leaving the other two elds invariant. The boundary terms in F
are invariant under two of these Z2 symmetries, which we can thus use to restrict the
ranges of the free parameters in our numerical analysis, without loss of generality. Taking
!  , leaving A t andA+t unchanged, will take H !  H , T !  T , and T !  T .
However, T  T =T will be invariant, as will =(2T ) in eq. (5.16a). As a result, the
boundary terms in F will also be invariant. We thus restricted to H > 0 in our numerical
solutions, without loss of generality. Similarly, taking A t !  A t and simultaneously
A+t !  A+t , while leaving  unchanged, sends T !  T , Q  !  Q , and Q+ !  Q+,
and hence Q0 !  Q0 and Q !  Q, with T and T unchanged. Again, T and =(2T )
will both be unchanged, and hence the boundary terms in F will be unchanged. We thus
also restricted to Q0 < 0 in our numerical solutions, without loss of generality.
Our main result is gure 1, the phase diagrams of our model in the (=(2TK); T=TK)
plane, for Q0 =  1,  1:2, and  1:4. In gure 1, each black dot represents a non-trivial nu-
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Figure 1. Phase diagrams of our model, in the plane of =(2TK) versus T=TK, for (a.) Q
0 =  1
with =(2TK) 2 ( 0:5; 10), (b.) Q0 =  1 again, but zooming in on =(2TK) 2 ( 0:5; 2:5)
to reveal greater detail, (c.) Q0 =  1:2 with =(2TK) 2 ( 0:3; 1:6), and (d.) Q0 =  1:4
with =(2TK) 2 ( 0:2; 1:0). In all four gures, each black dot represents a non-trivial numerical
solution, which we obtained only inside the regions bounded by the dotted lines. In the light gray
region, within our numerical accuracy threshold we could not determine whether the non-trivial
solutions were thermodynamically preferred over the trivial solution. In the dark gray region, the
non-trivial solutions were thermodynamically preferred over the trivial solution, while in the white
region, they were not. In each phase diagram, a solid black line denotes the boundary between the
dark gray and white regions. For Q0 =  1:2 and Q0 =  1:4 we also determined, but have not
shown, the phase diagram for values of =(2TK) up to four times larger than those shown above.
In each case we found that, the light and dark gray regions simply extended all the way to the
highest =(2TK) values that we considered, similar to the Q
0 =  1 case in (a.).
merical solution. As anticipated in subsection 5.1, every non-trivial solution we found had
both  6= 0 and a1t = a2t 6= 0. As also anticipated in subsection 5.1 we found non-trivial solu-
tions only for AFM RKKY coupling, =(2TK) > 0. In fact, we found non-trivial solutions
only inside the region bounded by the dotted lines in each of gs 1 (a.), (b.), (c.), and (d.).
In each case, the dotted diagonal line, emanating from the origin, is T=TK = =(2TK),
while the horizontal dotted line was determined by a linearized stability analysis, as follows.
As mentioned above, in our model a uctuation of  about the trivial solution obeys
the same equation of motion and boundary conditions as in the holographic single-impurity
Kondo model of ref. [77], but with A+t replacing a0t . A central result of ref. [77] was that
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the uctuation of  became unstable, with amplitude growing rather than decaying in
time, below a critical T that depended on Q0 (implicitly, through a critical value of T in
eq. (4.32) of ref. [77]). Moreover, that critical T decreased as jQ0j increased, intuitively
because an impurity spin in a larger-dimensional representation is \more dicult" to screen.
The linearized analysis thus guaranteed that a phase transition must occur. The same
result applies in our model, but with Q+ replacing Q0. However, as mentioned above, the
instability of the uctuation of  is independent of =(2TK), so the linearized analysis
tells us nothing about the values of =(2TK) where the phase transition will occur. Given
Q+  12
 
Q0 +Q, the minimal value of jQ+j is jQ0=2j, which determines the maximal
critical T=TK for the instability, that is, the highest T=TK at which the linearized uctuation
becomes unstable. In each of gures 1 (a.), (b.), (c.), and (d.), the horizontal dotted lines
denote that maximal critical T=TK. As we increase jQ0j, going from gure 1 (c.) to gure 1
(d.), the horizontal dotted line moves to smaller T=TK, as expected. Figure 1 shows that
for suciently large =(2TK), to the right of the diagonal dotted line, non-trivial solutions
appear at the maximal critical T=TK, that is, as soon as the instability occurs. In contrast,
for smaller =(2TK), and specically along the diagonal dotted line, non-trivial solutions
only appear at T=TK below the maximal critical value.
In each phase diagram in gure 1, we have divided the region bounded by the dotted
lines into three sub-regions, coded by shading: light gray, dark gray, and white, with a
solid black line separating the dark gray and white regions. In the light gray regions, we
found non-trivial solutions, but jFj was smaller than our numerical accuracy threshold of
10 4, hence we could not conclude whether the non-trivial solution was thermodynamically
preferred over the trivial solution. In the dark gray region, the non-trivial solutions had
jFj > 10 4 and F > 0, so the non-trivial solution was thermodynamically preferred
over the trivial solution. In the white region, jFj > 10 4 but F < 0, so the non-trivial
solution was not thermodynamically preferred over the trivial solution.
The solid black line separating the dark gray and white regions is an interpolation
between thermodynamically preferred solutions: to the left of that line, towards smaller
=(2TK), the next nearest numerical solution that we obtained was not thermodynami-
cally preferred. The actual boundary between thermodynamically favored and dis-favored
solutions is thus either at the solid black line, or somewhere between the solid black line
and the rst black dots to its left.
In any of the phase diagrams in gure 1, imagine xing =(2TK) and reducing T=TK,
that is, imagine moving down along a vertical line in the phase diagram. Our results
demonstrate that, for suciently large AFM =(2TK), a phase transition will occur, from
the trivial state, with no Kondo screening, zero spin-spin correlations, and zero phase
shift, to the non-trivial state, with Kondo screening, non-zero AFM spin-spin correlations
of order N2, and non-zero phase shift. As discussed in subsection 5.1, in our model and
with our ansatz, these are the only two possible states.
The order of these phase transitions depends on =(2TK). For example, in one of
the phase diagrams in gure 1, suppose we x =(2TK) and reduce T=TK, moving down
along a vertical line, such that we hit the diagonal dotted line. In that case, as we reduce
T=TK non-trivial solutions appear at the diagonal dotted line, but are not thermodynami-
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cally preferred. The non-trivial solutions become thermodynamically preferred only at the
critical T=TK where our vertical line hits the dark gray region. As a result, as T=TK drops
below the critical T=TK, all one-point functions and the phase shift will jump from zero
to non-zero values, indicating a rst-order transition. Suppose we then increase =(2TK)
and repeat the process, such that now as we reduce T=TK we hit the horizontal dotted line.
In that case, although we cannot say for certain due to the limitations of our numerical
accuracy, our numerical results are consistent with the non-trivial solutions being ther-
modynamically preferred as soon as they appear. In those cases, we expect the one-point
functions and phase shift to increase smoothly from zero, indicating a continuous transition.
Our results for the one-point functions are consistent with such an interpretation.
Figure 2 shows our numerical results for 4N
hjOIjip
TK
=  T
p
2T=TK as a function of T=TK
for Q0 =  1:2, with =(2TK) = 0:45 in gure 2 (a.) and =(2TK) = 1:4 in gure 2
(b.). In each gure, each black dot represents a non-trivial numerical solution, the dotted
curve is a numerical t to our data of the form in a mean-eld second-order transition,
with critical exponent 1=2, and the heavy gray line segment at hjOIji = 0 represents the
trivial solution, for T=TK values where the non-trivial solution is preferred, as far as we can
determine within our numerical accuracy. In other words, in gure 2 (a.) the heavy gray
line segment extends to the value of T=TK of the solid black line at =(2TK) = 0:45 in
gure 1 (c.), while in gure 2 (b.) the heavy gray line segment extends down to the T=TK
value of the horizontal dotted line in gure 1 (c.). For =(2TK) = 0:45, the phase diagram
in gure 1 (c.) suggests a rst-order transition, and indeed gure 2 (a.) suggests that the
transition cannot be continuous: the t to our data suggests that hjOIji jumps hjOIji = 0 to
hjOIji 6= 0 when the transition occurs. On the other hand, for =(2TK) = 1:4, the phase
diagram in gure 1 (c.) suggests a continuous transition, as indeed implied by gure 2 (b.):
the t to our data suggests that hjOIji may in fact rise smoothly from zero starting at the
transition, with second-order mean-eld exponent.
Figure 3 is a contour plot of our numerical results for log10(jhRij=N) = log10(jQj) in
the plane of =(2TK) versus T=TK, for Q
0 =  1:2 and for thermodynamically preferred
solutions only, i.e. for solutions in the dark gray region of the corresponding phase
diagram, gure 1 (c.). In gure 3, the black dots again represent non-trivial numerical
solutions, which we generated along curves of constant Q, as explained above. Figure 3
makes clear that spin-spin correlations, as measured by jhRij, grow as T=TK decreases,
as expected. Moreover, gure 3 suggests that as T=TK decreases through the critical
value, the transition will most likely be rst-order for 0:3 . =(2TK) . 0:6, with jhRij
jumping from zero to non-zero values, and continuous for =(2TK) & 0:6, with jhRij
rising smoothly from zero, all of which is consistent with our expectations from the
corresponding phase diagram, gure 1 (c.).
Figure 4 shows our numerical results for the order N2 contribution to the spin-spin
correlator, given by eq. (5.1), hSAI SAIIi=N2 =  Q2=2, as a function of T=TK for Q0 =  1:2,
with =(2TK) = 0:45 in gure 4 (a.) and =(2TK) = 1:4 in gure 4 (b.). As in gure 2,
in gure 4 the black dots represent non-trivial numerical solutions, and the heavy gray
line represents the trivial solution, which has hSAI SAIIi=N2 = 0, for T=TK values where
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Figure 2. Our numerical results for 4N
hjOIjip
TK
=  T
p
2T=TK as a function of T=TK for Q
0 =
 1:2, with (a.) =(2TK) = 0:45, and (b.) =(2TK) = 1:4. In each gure, the black dots are our
numerical data, the dotted line is a numerical t to our data of the form in a mean-eld second-order
transition, with critical exponent 1=2, and the heavy gray line segment at hjOIji = 0 represents
the trivial solution, for T=TK values where the trivial solution is thermodynamically preferred, as
far as we can determine within our numerical accuracy. As we decrease T=TK, a phase transition
occurs approximately where the heavy gray line segment ends. Our results suggest a rst-order
transition in (a.) and a second-order mean-eld transition in (b.), consistent with our expectations
from gure 1 (c.).
the trivial solution is thermodynamically preferred, as far as we can determine within
our numerical accuracy. Our numerical results in gure 4 (a.) for =(2TK) = 0:45
suggest that most likely hSAI SAIIi=N2 jumps from hSAI SAIIi=N2 = 0 to hSAI SAIIi=N2 6= 0
when the transition occurs, consistent with a rst-order transition, while gure 4 (b.)
for =(2TK) = 1:4 suggests that hSAI SAIIi=N2 will rise smoothly from zero through
the transition, consistent with a continuous transition. These results conform to our
expectations from the corresponding phase diagram, gure 1 (c.).
Most importantly, the phase diagrams in gure 1 strongly suggest that in our model a
quantum phase transition occurs as a function of increasing =(2TK), from the trivial state
to the non-trivial state. Moreover, gure 1 suggests that such putative quantum phase tran-
sitions occur at non-zero AFM values of =(2TK). For example, when Q
0 =  1, gure 1
(b.) suggests that a transition may occur approximately where the solid black line hits the
horizontal axis, =(2TK)  0:4. The putative quantum phase transitions in our model also
appear to be rst order: as we increase =(2TK) through the critical value, all one-point
functions and the phase shift will jump from zero (white region) to non-zero values (dark
gray region). Similarly, the quantum phase transition in the large-N two-impurity Kondo
model of refs. [44, 48] occurred at a non-zero AFM value of RKKY=TK, and was rst order.
However, we were unable to obtain non-trivial numerical solutions at exactly T = 0. In
general, as T=TK decreases our numerical solutions for  tend to grow, apparently without
bound. Indeed, such growth is typical for scalar elds in the probe limit, when the scalar
potential includes only a mass term: see for example ref. [120]. Most likely, obtaining
reliable non-trivial numerical solutions at T = 0 will require leaving the probe limit, i.e.
{ 48 {
J
H
E
P
0
1
(
2
0
1
6
)
1
0
3
T/TK
◆◆◆◆
◆◆◆◆◆◆
◆
◆◆◆◆◆◆
◆
◆
◆
◆
◆
◆◆◆◆◆◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆◆◆◆◆◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆◆◆◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
!"! !"# $"! $"#
!"$
!"%
!"&
!"'
!"#
!"(
λ
% π)!
! ! !
!!"# !$"% !$"#
Q0 =  1.2
 
2⇡TK
Figure 3. Contour plot of log10(jhRij=N) = log10(jQj) in the plane of =(2TK) versus T=TK,
for Q0 =  1:2 and for thermodynamically preferred solutions only, i.e. for solutions in the dark
gray region of the corresponding phase diagram, gure 1 (c.). Clearly spin-spin correlations, as
measured by jhRij, grow as T=TK decreases. Moreover, for decreasing T=TK, our numerical results
are consistent with a rst order phase transition for 0:3 . =(2TK) . 0:6, in which jhRij jumps
from zero to non-zero values, and a continuous transition for =(2TK) & 0:6, in which jhRij rises
smoothly from zero. These results are consistent with our expectations from the corresponding
phase diagram, gure 1 (c.).
including the back-reaction of the matter elds on the metric. For the holographic single-
impurity Kondo model of ref. [77], such back-reaction was studied in ref. [121]. We leave
the analogous study for our model, and more generally the fate of our model at T = 0, for
future research.
6 Summary and outlook
We proposed a holographic two-impurity Kondo model, building on the holographic single-
impurity Kondo model of ref. [77], based on the CFT and large-N approaches to the
Kondo problem. In eld theory terms, our model begins with the CFT description of the
original two-impurity Kondo model, as (1 + 1)-dimensional free left-moving chiral fermions
with two identical Kondo couplings to two identical impurity spins at the same location,
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Figure 4. Our numerical results for hSAI SAIIi=N2 =  Q2=2, as a function of T=TK for Q0 =  1:2,
with (a.) =(2TK) = 0:45 and (b.) =(2TK) = 1:4. In each gure, the black dots are our
numerical data and the heavy gray line segment at hSAI SAIIi=N2 = 0 represents the trivial
solution, for T=TK values where the trivial solution is thermodynamically preferred, as far as we
can determine within our numerical accuracy. As we decrease T=TK, a phase transition occurs
approximately where the heavy gray line segment ends. Our results suggest a rst-order transition
in (a.) and a continuous transition in (b.), consistent with our expectations from the corresponding
phase diagram, gure 1 (c.).
plus an RKKY coupling between the impurity spins. We then gauged the spin SU(N)
symmetry, employed a probe limit to avoid a gauge anomaly, and added adjoint degrees
of freedom such that the 't Hooft large-N limit and large 't Hooft coupling produced a
holographic dual with Einstein-Hilbert action. Our model thus had three couplings: the 't
Hooft coupling, which was single-trace with respect to SU(N) and was always large, and
the Kondo and RKKY couplings, which were double-trace and had the RG ows expected
from eld theory, as we showed in subsection 4.4.
The gravity dual, described in section 3, consisted of a complex scalar eld and a U(2)
YM gauge eld in AdS2 coupled as a defect to a Chern-Simons gauge eld in AdS3. The
complex scalar was bi-fundamental under the YM and Chern-Simons gauge groups. We had
two main results. First, in section 4 we performed the holographic renormalization of our
model, which allowed us to identify the Kondo and RKKY couplings as boundary conditions
on the scalar eld and YM gauge eld, respectively. This was the rst identication of
an RKKY coupling in holography. Second, in section 5 we solved the bulk equations of
motion and evaluated the on-shell action numerically, which allowed us to determine the
phase diagram of our model in the plane of RKKY coupling, =(2TK), versus T=TK. For
suciently large AFM RKKY coupling we identied phase transitions as T=TK decreases,
from a trivial state, with no Kondo screening, no spin-spin correlations, and no phase shift,
to a non-trivial state, with Kondo screening, AFM spin-spin correlations of order N2, and
a non-zero phase shift. Indeed, we argued, just using SU(N) representation theory, that
at leading order in the large-N limit and for totally anti-symmetric impurity spins, FM
spin-spin correlations will be absent, and only AFM spin-spin correlations of order N2 will
be visible. We also found numerical evidence for a rst-order quantum phase transition in
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our model from the trivial state to the non-trivial state as =(2TK) increases through a
non-zero, AFM critical value. These results are consistent with eld theory expectations.
For example, the quantum phase transition in the large-N two impurity Kondo model
of refs. [44, 48] occurred at a non-zero AFM value of the RKKY coupling, and was rst
order. More generally, the coexistence of Kondo and inter-impurity screening is generic in
two-impurity Kondo models, and the coexistence of Kondo and inter-impurity screening is
believed to occur in the Kondo lattice [3, 4, 57].
Our results show that holographic Kondo models can capture essential two-impurity
Kondo phenomena, including most importantly a quantum phase transition characterized
by a jump in the phase shift. Our results thus demonstrate that holographic Kondo models
can provide a foundation for future model building, with the ultimate goal of building and
solving a holographic Kondo lattice. Of course, much work remains to reach that goal.
In particular, to describe a Kondo lattice we must separate the impurities in space.
Doing so in holographic Kondo models produces a number of problems, which we now
discuss, roughly in order of increasing severity.
What would separating the impurities look like in our holographic model? For guid-
ance, we turn to the top-down construction of the holographic single-impurity Kondo model
of ref. [77]. In that case the AdS2 elds were the worldvolume elds on a D-brane dual to
the impurity. A single D-brane has a U(1) worldvolume gauge eld. To describe two coin-
cident impurities, we need two coincident D-branes, so that the gauge group is enhanced
to U(2). In fact, the worldvolume gauge multiplet will also include adjoint scalars, dual
to scalar elds valued in the adjoint of the auxiliary U(2) symmetry, and whose eigenval-
ues describe the positions of the two D-branes in transverse directions. To separate the
D-branes, we can thus give non-zero expectation values to those adjoint scalar eigenvalues,
which will break U(2) down to U(1)  U(1) and will give masses to a1t and a2t via a Higgs
mechanism. Among other things, those masses alter a1t and a
2
t 's asymptotics.
Of course, in a regime where the supergravity approximation to string theory is reliable,
as soon as the D-branes are more than a string length apart the open strings between them,
whose lightest excitations include a1t and a
2
t , will have enormous masses, of string scale, and
hence could be integrated out. The ultimate low-energy eective description would then
include two D-branes separated in space, each with its own U(1) worldvolume gauge eld,
but now with no couplings between those worldvolume elds. What are the corresponding
statements in the dual eld theory? The non-zero expectation values for the adjoint scalar
eigenvalues are non-normalizable modes dual to non-zero sources for the U(2) adjoint scalar
operators. Those non-zero sources explicitly break the auxiliary U(2) symmetry down to
U(1)U(1), in which case no symmetry protects the dimensions of R1 and R2. Holography
is apparently telling us that indeed those dimensions receive large corrections in the 't Hooft
coupling, so that R1 and R2 eectively decouple from the dual eld theory.
However, in a bottom-up model we are free to re-scale parameters however we like in
order to keep a1t and a
2
t 's masses at the AdS curvature scale, rather than the string scale.
Using the D-brane description as a guide, but assuming such a re-scaling, we attempted to
separate our impurities by adding to our holographic model a complex scalar eld in AdS2,
valued in the adjoint of U(2), and giving non-zero expectation values to the eigenvalues
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of that adjoint scalar. We then attempted holographic renormalization, but encountered
two formidable obstacles, both arising from a1t and a
2
t 's altered asymptotics. First, Q
1 and
Q2 acquire negative mass dimensions. Second, in 's equation of motion, near the AdS2
boundary the terms involving a1t and a
2
t actually grow larger than the M
2 term, posing a
major challenge to formulating a well-posed variational problem.
Separating the impurities in our holographic model has a more fundamental problem,
however: separating the impurities in the fashion above radically changes the eld theory in-
terpretation of our model. In particular, we could no longer interpret the dual eld theory as
a (1+1)-dimensional CFT description of a two-impurity Kondo system, since that descrip-
tion is based on an s-wave reduction in the limit that the separation between the impurities
is negligible. Instead, our model would be more similar to, though distinct from, a chiral
Luttinger liquid coupled to two separated impurities. More generally, for the Kondo lattice
a partial wave decomposition and the resulting (1 + 1)-dimensional description provides
no obvious advantage, and is thus best abandoned. In other words, to build a holographic
Kondo lattice we should commit to holographic models in which the eld theory has two
or more spatial dimensions, and introduce an innite number of impurities. As mentioned
in ref. [69], with an innite number of impurities, the probe limit is by denition invalid.
Actually, perhaps the most fundamental problem with all holographic quantum impu-
rity models to date is that the spin group is the gauge group, SU(N). In that case, a genuine
AFM phase is impossible, simply because if N > 2 then two impurity spins, both in the
fundamental representation of SU(N), cannot lock into a singlet. An alternative is the sym-
plectic large-N limit: instead of replacing SU(2) with SU(N) and then taking N !1, the
symplectic large-N limit is based on identifying SU(2) ' Sp(1), replacing Sp(1) with Sp(N),
and then taking N !1 [122, 123]. The symplectic large-N limit allows for two impurity
spins in the fundamental representation to lock into a singlet, and hence allows for a genuine
AFM phase. Top-down holographic duals of strongly-coupled gauge theories with symplec-
tic gauge groups can be realized, for example by introducing orientifolds in the bulk [61].
However, as mentioned in ref. [77], in any model where the spin group is the gauge
group, the impurity spin operator is the gauge current of the auxiliary fermions or bosons,
and hence is not gauge-invariant. Holography only provides access to correlators of gauge-
invariant operators, so in any holographic model where spin is the gauge group, access
to observables involving spin will be indirect at best, and completely absent at worst.
Moreover, if spin is the gauge group and we separate two impurities, then to make the
RKKY interaction gauge-invariant we must connect the two spin operators with an open
Wilson line. In other words, when spin is the gauge group, the RKKY coupling between
separated impurities is non-local. In top-down holographic models, an open Wilson line is
dual to an open string stretched between D-branes [124].
As already proposed in ref. [77], a holographic model in which the spin symmetry group
is a global symmetry would have many advantages. For example, we would no longer be
restricted to the large-N limit of the spin group: we could demand that the spin group
be SU(2), while the large-N strongly-coupled gauge theory sector would merely provide a
classical gravity dual. Moreover, many observables involving the spin operator, such as the
magnetic susceptibility, could then be computed using holography.
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We believe that the long-term goal of solving a (holographic) Kondo lattice provides
sucient motivation to pursue solutions to all of the problems above, using our holographic
model as a starting point. Indeed, we plan to study these, and many other issues in
holographic quantum impurity models, in the near future.
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A Normalizability of AdS2 gauge elds
In this appendix we discuss the normalizability of a massless or massive Abelian gauge
eld in asymptotically locally AdSd+1 spacetime. Our goal is to determine what boundary
conditions are permitted as a function of d and the mass, particularly in the case discussed
in the main text, d = 1, i.e. asymptotically locally AdS2 spacetime.
Consider an Abelian gauge eld am of mass ma, with eld strength fmn, in an asymp-
totically locally AdSd+1 spacetime with d  1, with metric gmn and g  det(gmn). The
action and equation of motion of such a gauge eld are
S =  
Z
dd+1x
p g

1
4
fmnf
mn +
1
2
m2a g
mnaman

; (A.1a)
rmfmn  m2aan = 0: (A.1b)
To dene normalizability, we need a norm on eld space. Following the denition of
the norm for scalar elds in ref. [104], we dene a norm from the action in eq. (A.1a) by
integrating by parts and dropping all boundary terms. (For massless Abelian gauge elds,
the denition of normalizability in ref. [105], namely niteness of symplectic ux at the
asymptotically AdSd+1 boundary, produces the same results.) Our norm is thus
S0 =
1
2
Z
dd+1x
p g ap gpn
 rmfmn  m2aan : (A.2)
In other words, a eld conguration am is normalizable if and only if S
0 evaluated on that
conguration is nite. Crucially, such a denition is non-trivial only for o-shell modes,
since S0 vanishes when evaluated on a solution to the equation of motion, eq. (A.1b).
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If we choose FG coordinates, like those in eq. (4.15), and the radial gauge ar = 0, then
the two linearly independent asymptotic solutions for am are of the form e
r with
 =  d  2
2

s
d  2
2
2
+m2a: (A.3)
Demanding that  are real produces the BF bound for massive vector elds, m2a   (d 
2)2=4, which we will assume is obeyed in what follows. The most general asymptotic
eld conguration is a linear combination of the er solutions, with coecients that can
depend on all of the other coordinates besides r. Plugging the most general asymptotic
eld conguration into the norm S0 in eq. (A.2) and demanding that terms involving
derivatives in directions besides r remain nite, we nd that both asymptotic behaviors
are normalizable only when  < 4 d2 , which immediately translates into an upper bound
on the mass, m2a <
d(4 d)
4 . Crucially, both asymptotic behaviors are normalizable only for
d  3. Combined with the BF bound, we thus nd that if d  3 and
  (d  2)
2
4
 m2a <
d(4  d)
4
; (A.4)
then both asymptotic behaviors e
r are normalizable, and hence any of Dirichlet, Neu-
mann, or mixed boundary conditions is permitted.
Of course, (1 + 1)-dimensional gauge elds on their own, whether massless or massive,
Abelian or non-Abelian, have no propagating modes. In particular, in AdS2, choosing the
FG coordinates in eq. (4.15) and ar = 0 gauge, the equation of motion eq. (A.1b) for at
becomes
@2rat   @rat  m2a at = 0; (A.5)
which has no time derivatives, indicating the absence of propagating modes. As a result,
in asymptotically locally AdS2 spacetime, and in contrast to d > 1, the normalizability
condition is satised trivially: when d = 1, as r ! 1 the integrand of S0 in eq. (A.2)
approaches the equation of motion in eq. (A.5), and in particular no terms involving time
derivatives appear, so that S0 remains nite for both solutions, er.
However, gauge elds in asymptotically locally AdS2 spacetimes coupled to other elds
can have propagating modes. Indeed, our holographic two-impurity Kondo model is an
example. In such cases, as long as the interactions are sub-leading as r ! 1 relative
to the terms in the action S of eq. (A.1a), so that the asymptotic solutions remain e
r
with  in eq. (A.3), then our results for normalizability remain valid. In our holographic
two-impurity Kondo model, the interactions are indeed sub-leading relative to the terms
in eq. (A.1a), hence the results above apply.
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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